
This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 
to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 
are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 
publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 

We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 



at |http : //books . google . com/ 



r 



TRIGONOMETRY FOR BEGINNERS. 



TRIGONOMETRY 



FOR BEGINNERS 



WITH NUMEROUS EXAMPLES. 



Bi 



I. TODHUNTEE, M.A., F.E.S. 




SonltOR anti Samlrfbsf. 

MAOMILLAN AND QO. 

1866. 



r 



1 



TRIGONOMETRY FOR BEGINNERS. 



viu CONTENTS. 

PAOI 

XV. Angles greater than two right angles ii6 

XVI. Changes in the Katios as the angle changes... laa 

XVII. .Kedoction of the an§;le laS 

XVIII. Angles with ^ven Trigonometrical Hatios 133 

XIX. Trigonometrical Eatios of two angles '. 137 

XX. Trigonometrical Transformations 146 

XXI. Dirision jof angles ...;. 158 

XXJI. Circular Measure.. 164 

XXIII. Area of a Circle , 17a 

XXrV. Inverse Notation 177 

Miscellaneous Examples 180 

• ANSWERS 185 



tIGONOMETEY FOR BEGINNERS. 



. Measurement qf Angles by Degrees or Chrades. 

I. Thb word Trigonometry is derived from two Greek 
is, one signifying a triangle^ and the other signifying 
leasure. Plane Trigonometry originally denoted the 
ace in which the relations subsisting between the sides 
the angles of a plane triangle were investigated, and 
modes of investi^tion were aJmost entirely geomehioaL 
now the term Plane Trigonometr^y has a wider mean- 
and comprises investi^tions with respect to plane 
les whether forming a triangle or not, and l^e inresti- 
Dns are made by the aid of algebraical symboUk and 
lolae. Before beginning the present treatise the sta^t 
lid therefore become acquainted with Algebra, at least 
a.r as the solution of 'simple equations. The parts fk 
elements of Euclid which are usually read are also 
issary. 

S. We have first t^ explain how angles are measured, 
e angle is selected «b the unit, and the measure of any 
)v angle is the number of units which it contains. Any 
e might be taken for the unit, as for example a right 
le; but a smaller ande than a right angle is round more 
renient. Accordingly a right angle is divided into 90 
il parts called degrees ; and any angle mav be estimated 
iscertaining the number of degrees which it contains, 
be angle does not contain an exact number of degrees 
$an express it in degrees and a fraction of a degree. A 
ree is divided into 60 equal parts called minutes^ «3adL> 
ate into 60 equal parts colled iieQaa<^\ vfii^ ^^^bb& '^ 
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fraction of a degree may if we please be converted into 
minutes and seconds. 

3. Thus, for example, half a right angle contains 45 
de^ees; a quarter of a right angle contains 22^ degrees, 
which we may write in the decimal notation 22*6 degrees, 
or we maj express it as 22 degrees 30 minutes; one- 
sixteenth of a ri^t angle contains 5f degrees, that is, 5*625 
degrees, or 5 degrees, 37 minutes, 30 seconds. 

4. Synibols are used as abbreviations of the words 
degrees, minutes^ and seconds. Thus 5° 37' 30^' is used to 
denote 5 degrees, 37 minutes, 30 seconds. 

6. The method of estimating angles by degrees, mi- 
nutes, and seconds, is almost universally adopted in practical 
calculations. Another method was proposed in France^ 
towards the end of the last century, m connexion with a 
uniform system of decimal tables of weights and measures. 
In this method a right angle is divided into 100 equal 
parts called grades, a grade is divided into 100 equal parts 
jcalled minutesy and a minute is divided into 100 equal 
parts called seconds. On account of the occurrence of the 
number one hundred in forming the subdivisions of a right 
angle, this method of estimating angles is c^ed the cen- 
tesimcU method; and the common method is called the 
sexagesimal method, on account of the occurrence of the 
number siaty in forming the subdivisions of a degree. The 
xsentesimal method is also sometimes called the French 
method, and tile sexagesimal method is called the English 
method. 

6. Synibols are used as abbreviations of the words 
grades, mintUes, and seconds, in the centesimal method. 
Thus, 5" 37"^ 30'' is used to denote 6 grades, 37 minutes, 
30 seconds in the centesimal method. A centesimal minute 
and second are not the same as a sexagesimal niinute and 
second, and the accents or dashes which are ased to denote 
minutes and seconds in the two methods are distinguished 
by sloping in different directions. 

7. In the centesimal method any whole number of 
minutes and seconds mav be expressed immediately as a 

decimal faction ci a grade. ThuB, 3*1 QonWranaX mVsra^Aa 
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37 
are r^ of a grade, that is^ '37 of a g;rade; and 30 cen- 

30 
tesiinal seconds are ttttv, of a grade, that is, '003 of a 
(lOo;* 

grada Hence G* 37' 30'' may be written as 6''373 : and 
since a grade m ( Jqj; ) of a right angle, 6«'373 may be writ- 
ten as "05373 of a right angle. Notwithstanding this great 
advantage of the centesimal method, the sexagesimal 
method has been retained in practical calculations, be- 
cause the latter had become thoroughly establishea by 
long use in mathematical works, and especially in math^ 
matical tables, before the former was proposed; and such 
works and tables would have been rendered almost useless 
by the change in the method of estimating angles. The 
centesimal method is not practically used even in France. 

8. Although the centesimal method is not used in 

Sractical calcmations it is customary to give an accbunt of 
le method in works on Trigonometry; and it is shewn 
how to com^ire the numbers which measure the same 
angle in the English and French methods. This we shall 
explain in the next three Articles. 

9. To compare the nuTnber of degrees in any angle 
with the number qf grades in the tame angle. 

Let 2> be the number of degrees in any giren angle, G 
the number of grades in the same angle. Then, since 

there are 90 degrees in a right angle, — expresses the 

ratio of the given angle to a right angle; and, since there 

are 100 grades in a right angle, j^ also expresses the 

ratio of the given angle to a right angle. 

D_ G . 

90 100 ' 



Hence 
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1 t 

The fomnila 2) = 6? -—6? gives the following mW^ 

From the number of grades in any angle stibtract on»- 
tenth qf that number; ths remainder is ths number qf 
degrees in ths angle. 

The formula G=D-\-^D gives the following rule: To 

the number qf degrees in any angle add one-ninth qfthat 
number; the sum is the number qf grades in the angle, 

10. To compa/re the number qf English minutes in 
any angle toith the number qf French minutes in the 
same angle. 

Let m be the number of English minutes in any angle, 
H the number of French minutes in the same angle. Then, 
since there are 90 x 60 English minutes in a right angle, 

g-' ^g^ expresses the ratio of the given angle to a right 

angle; and since there are 100 x 100 French minutes in a 



right angle - ^ ■ also expresses the ratio of the given 



)xJ 
angle to a right angle. 

^®°^® SolTso" 100x100' 

therefore ^=i^^=g^ 

and /*=27^- 

11. Similarly, if « be the number of English seconds in 
any angle, and a- the number of French seconds in the 
same angle 

9 ^ €r 

90 X 60 X 60 ** 100 X 100 x 100 *' 

-, - 9x6x6 81 

therefore s = — — — — -- o- = ^rrr- cr, 

10 X 10 X 10 250 ' 

, 260 

Md cr-^#. 
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Examples. I. 
Express the following six angles in the French mode: 
1. 64<». 2. \^2\\ 

3. 6^18'. 4. 9U9'67''. 

6. 27Mr61". 6. 67^-4325. 

Express the following six angles in the English mpde : 

7. 30». 8. 3«60\ 

9. 10»42r60'\ 10. 20«7r6tf\ 

11. 31« 7' 50'\ 12. 76«-462. 

Impress the following six angles in both modes: 

I t{ 

13. ^ of a right angle. 14. ^ of a right angle. 

5 o 

II 45 

16. — of a right angle. 16. — of a right angle. 

17. The angle of an equilateral triangle. 

18. The angle at the vertex of the isosceles triangle 
described in Euclid iv. 10. 

19. The sum of two angles is 30 grades, and their 
difference is 9 degrees : find each angle. 

20. The difference of the two acute angles of a right- 
angled triangle is 20 grades : find the angles in degrees. 

21. Find the number of English minutes in a grade. 

.22. Find the number of English seconds in a French 
minute. 

2a Find the number of French minutes in a degree. 

24. Find the number of French seconds in aaEsoiig^ks^ 
minute. 

25. Find the ratio of an angle oi V^ %' X» ««^ «»^^ ^"^ 
J'25\ 
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11. Trigonometrical Ratios. 

12. There stre certain quantities connected mih an 
angle which are called the Trigonometrical Ratios of the 
angle; in the present Chapter we shall define these Trigo- 
nometrical Ratios, and aemonstrate some of their most 
importsuit properties. It will be seen as we proceed with 
the book that the whole subject rests on the definitions 
and properties contained in the present Chapter. 

13. Let BAG he any angle ; take any point in either of 
the containing sides, and from it draw a straight line per- 
pendicular to the other side: let P be the point in AC, and 
P3f perpendicular to AB. We shall use the letter A to 
denote toe angle BAC 




The following are the definitions of the Trigonometrical 
Ratios of the angle A : 

2^. that is P-JS^ ?r J ig called the tangent of A ; 

A.JjI 1)086 

PS' *'»** '"^ perpmdicular ^ *^"^ ^^ eo-tangent of A ; 
jj£f that is , is called the seccmt of A ; 
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When the cosine of ul is subtracted from unity the re- 
mainder is called the versed sine of A. When the sine of 
A is subtracted from unity the remainder is called the 
coversed sine of A. But the term versed sine is not often 
used, and the term eoversed sine is scarcely ever used. 

14. The words sine, cosine, &c. are usually abbreyiated 
in writing and printing; thus the above definitions may 
be expressed as follows : 

. . PM . AM 

sin^ = 3^, cos^=2P> 

A ^P A AP 

^^ AM' cosec^ = p25f> 

vers ^ = 1— cos -4, covers -4 = 1 -sin -4. 

15. The sine, cosine, tangent, co-tangent, secant, cose- 
cant, versed sine, and eoversed sine of an angle are called 
the Trigonometrical Ratios of the angle : it will be seen 
from the definitions that the term ratio is appropriate, be- 
cause each of the quantities defined is the ratio of <me 
length to another, that is, each of the quantities is some 
ari&metical number or fraction. The Trigonometrical 
Ratios have been sometimes called Trigonometrical Punc^ 
tUms, and sometimes Goniometrical Ratios or Functions, 

16. The excess of a right angle over any angle is called 
the complement of that angle. Thus if A be the number 
of degrees in any angle, 90— -4 is the number of degrees in 
the complement of the angle. This affords another method 
of defimng some of the Trigonometrical Ratios; after de- 
fining, as in Art 14, the sine, tangent, and secant of an 
angle we may say: 

the cosine of an angle is the sine of the complement of 
that angle; 

the co-1^ngent of an angle is the tangent oi^Xi^ ontci^^sa^sse^ 
of that angle; 

the cosecant of an angle is the secaolt oi XJicva ^otK^^ws^^suX. ^ 
tAat angle. 
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For in the triangle PAMih^d angle APM is the com- 
plement of the angle A ; and 

hypotenuse AP 

tan APM^SSIPf^}^^ = :^= cot A ; 
base MP 

A-nTLr hypotentise AP . 

These results may also be expressed thus : 

the sine of an angle is the cosine of the complement of 
that angle ; 

the tangent of an angle is the co-tangent of the complement 
of that angle; 

the secant of an angle is the cosecant of the complement 
of that angle. 

17. The Trigonometrical Ratios remain unchanged 
90 long as the angle remains unchanged. 




Let BAG he any angle; in AC take any point P, and 
draw PJIf perpendicular to AB; also take any other point 
P^f and draw P^JIT perpendicular to AB, Then, by similar 
triangles,' Eudid ti. 4, 

PM P'M' 

Zp'ap^' 
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that is, the tine of the angle A is the same whether it be 
formed from the triangle APM or from the triangle 
AP'M', 

The same result holds for the other Trigonometrical 
Ratios. 

Or we may suppose a point P" taken in ^^ and P^'M" 
drawn perpendicular to AC\ then the triangles ^Pitf'and 
AP'M" are similar, and 

PM P"M" 
AP" AP"'* 



18. We have now defined the Trigonometrical Ratios, 
and have shewn that each Ratio has only one value so long 
as the angle is unchanged: we proceed to establish certain 
relations which hold among the Trigonometrical Ratios. 

19. We have inmiediatdy from the definitions 



therefore tan^ = 



cot^' 



cot^ = 



1 



tan -4' 
AM 



. J AP , 

sec^xcos .1=2^x^^=1, 



therefore aeoA=^ 



cosA^ 



C08A = 



secA ' 
PM 



. . . AP ^^^ ^ 
C0BecAx6mA=p^x-jp=l, 



therefore 
Also 



cosec-4 = 



sin^' 



sin^=: 



cosec^* 



, . PM PM AM BiuA 



. . AM AM 
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20. To shew that (sin A)* + (cob Af=\, 




In the right-angled triangle APM we have 
P^P^AliP^AP^; 

therefore -j-^ = 1, 

therefore -^^ + -^^pa = 1» 

that is, (sin ^)*+ (cos -4)'= 1. 

21. With respect to the preceding demonstration it 
should be remarked that it is shewn in Euclid i. 47, that 
the square described on the hypotenuse of a right-angled 
triangle is equal to the sum of the squares described on the 
sides; audit is known that the ^^OTTi^^rtca^ square described 
on any straight line is measured by the arithmetical square 
of the number which measures the length of the straight 
line. From combining these two results we obtain the 
arithmetical equality PJiP + AJiiP = AP\ which is the foun- 
dation of the preceding demonstration. 

22. It is usual for shortness to write (sin^)' thus, 
sin*^ ; similarly (sin -4)* is written thus, sinM. The same 
mode of abbreviation is used for the powers of the other 
Trigonometrical Ratios; and so the result obtained in 
Art. 20 is usually written thus, 

«d14+C08M = 1. 
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23. To shew that 

iaecAy=:l-h{tmA)\ and (coBec^)»=H(cot^)«. 
In the right-angled triangle APM (see fig. to Art 20) 
we have AP'=AM*-^PM*, 

therefore ^j^=i + _„ 

therefore (SJ^l + (5©'' 

that is, (sec^)»=l + (tan-4)*. 

Again AI^=PJiP+AJiP; 

that is, (cosec -4)' = 1 + (cot -4)'. 

The results here obtained are usually written thus, 
800^-4= l+tan*-4, cosec"-4 = l+cot'-4. 

24. By means of the relations which have been esta- 
blished in Arts. 19—23 we can express all the Trigono- 
metrical Ratios in terms of any one of them. 

Thus, for example, we will express all the rest in terms 
of the sine : 

cos -4 = ^/(l - sin^^) (Art. 20), 

sec A = :i = —jrz — 7-r7\ (Arts. 19, 20), 

cos -4 ^(l-sm'u4) ^ ' " 

cosec^=-4-T ^kx\K\«^> 
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vers-4 = l-cos^ = l- V(l-sin*-^) (Art. 20). 

Again, we will express all the rest in terms of th< 
tangent : 

. . 1 1 1 

sin -4 = - 



"cosec-4 



' "-''"^'^''TP^ 



tan^ 



^d+tan'^) (Arte. 19, 23), 



cos A = 5 = ... . ■ a .> (Arts. 19, 23), 

800-4 ^/(l + tan'-4) ^ ' '* 

cot^=te;5^ (Art. 19), 

sec ^ = ^/(l +tan2^) (Art. 23), 



Bin .4 tan u4 ' 

ver8-4 = 1 -cos -4 = 1 - 



V(l+tan2^)* 



26. If we have given the value of one of the Trigc 
nometrical Ratios we can thus find the values of the rest. 

g 

Suppose, for example, that sin^ =- ; then we have 

c<«^=V(l-sin«^)=y(l-|) = y| = ^, 

..sin ^34353 .. 1 4 

*^^ = 6^=6-^6 = 6^4 = 4' ^*^=tSO = 3' 

„_ . 1 6 .16 

sec -4 = --— -T = -1 , cosec .4 =-; — > = = » 
cos .4 4' sin .4 3' 

4 1 
vers -4 = 1 - eos -4 = 1 - - = - . 

5 6 
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Examples. II. 

ind the yalnes of the other Trigonometrical Ratios 
e following eight examples^ having given : 

12 40 

Bin-4 = — , 2. 8in-4 = — . 3. cos-4 = -28. 
la 41 

cosu4 = — . 6. tan -4 = -. 6. jsol A--. 

ol o o 

. - 2m cs A 2mn 

sin -4 = -r, — - , 8. cos -4 = 



w^+1 w^ + n* 

demonstrate the following identities : 
. (sin A + cos -4)' + (sin -4 - cos ^)* = 2. 
. sinM — cos' B = sin' B — cos2-4 . 
. sec2-4 cosec*-4=sec*-4+cosec2-4. 
, sin^^ + cos* -4 «« 1 - 2 sin'^ cos' ^. 
1. tan^+ cot^»*sec^cosec^. 
u Bin*-4— cos*-4=sin'-4— cos'-4. 

* % At, A 9 A J, A I~2 sinM cos^^ 

. sm'^ tan A +cos*A cot-4 = ; — 3 3 — . 

sm^cos^ 

!. sin'^ + vers'^ = 2 (1 - cos A), 
', Bm^A + cos'-4 = (sin A + cos A) (1 — sin -4 cos ^). 
\. an^A + cos*-4 = sin*^ + cos*^ — sin*-4 cos*^. 
). Bm*A tan' -4 + cos*-4 cot* -4 = tan*-4 + cot*<4 - 1. 
). sin A tan'-4 + cosec^ sec*-4 -2 tan -4 sec-4 

=cosec-4-sin-4. 
L. (sin ^ cos -S + cos ^ sin B'f 

+ (cos -4 cos -5 - sin -4 sin B)* = 1. 
8. (1 + sin ^ + cos -4)' =2(1 + sin -4) (If cos -4). 
5. (l-8in^-cos^)'(l + sin-4+cos^)2 

i, (l+Biii-4-cos-4)* + Cl-vcoftA-«aiAt ., 
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III. Values qf the Trigonometrical Ratios for an 
angle qfAb\ qf^(^\ of 30^. 

26. In this Chapter we shall find the yalues of the 
Trigonometrical Ratios for certain angles. 

27. To determine the values qf the Trigonometrical 
Ratios for an angle of45>^ , 




Let BAG he an anrie of 46®; take any point P in AC, 
and draw PM perpendicular to AB. Since PAM is half 
a right angle, APM is also half a right angle; therefore 



Now 
thus 

therefore 
therefore 
Thus 



Pm-k-AM^^AP^\ 
ZPAP^AP*; 

\AP) "2' 
PM_ 1 

sm46«=-jy = _;cos460= — =_. 
tan 45-^=1; cot 450-^-1. 

rerd 46^= 1 -ooi 4fi»» 1 --^ . 
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28. To determine the ealuee of the Trigonometrical 
RfOioefiyr an angle </60® and for an angle qf 30^. 




Let APB be an equilateral triangle, so that the angle 
PAB contains 60 degrees; draw PJf perpendicular to ^^^ 
\h&[iAM=MBi 

therefore AM= \AB = \AP. 

Thus cos 600:^^= i; 
idn 60<>= ^/(l-cos260)= n/(i-J) = s/\' f' 

1 12 

s«c60'=---^7^=2; cosec60'^=-r- 



" cos 60<> " ' ^""^^ "" " «in 60*> " ^3 ' 
vers60<'=l-cos60®=l-iia»i 

The Trigonometrical Ratios for an angle of 30^ may bo 
found by Art. 16 : thus 

sin30<>=»cos60<>=i; cos30<^=sin60<'=^; 

tan 30<»=cot 60<>= -^ ; cot 30*=tan 60<>= ^3 ; 
sec 30®=co8ec 60^=--r ; cosec30^=sec 60®=2; 
yeri 50*=ri -ooi 30*«1- -^ ^ 
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29. The Trigonometrical Ratios for any angle can be 
found approximately; the ratios are selaom capable of 
being expressed exactly, as thev are in the special cases 
which we have here considered, but the calculations may be 
canied to any assigned degree of accuracy. We shall not 
enter into an account of the processes of calculation in the 

f resent work, but may refer to the more complete treatise, 
t will be sufficient to state as a fact that tables may be 
easily procured which rive to seven places of decimals the 
sine of any angle which can be expressed in degrees and 
minutes ; the other ratios can easily be determined when 
the sine is known. 

30. Although we sludl not explain the mode in which 
the tables are constructed, yet the student will readily see 
as he proceeds with the subject that various formulae occur 
which mi^ht be useM in calculating the values of the Tri- 
gonometrical Ratios. Especially he may notice the for-. 
mul8B hereafter to be given by which we may determine the 
Trigonometrical Ratios for an angle which is the sum or the 
difi&rence of two other angles having known Trigonome- 
trical Ratios. And we shaU give a formula in the next 
Article which will enable us to determine the Trigonome- 
trical Ratios for the haif of an angle when the Trigonome- 
trical Ratios of the angle itself are known. 

31. To express the tangent qf Tutff an angle in terms 
qfthe sine and cosine qf the angle. 




Let BOC be any angle, which we will denote by A, Take 
any point P in Ov, and draw PM perpendicular to OB. 
Bisect the angle BOC by the Btraightline OQ meeting PM 
BtQ. TheoeOJf^iA. 



BA TIOS FOR CERTAIN ANGLES. 17 
Lot OP=a; then 

^Ip = sin A, therefore PM= a sin ^ ; 
■^g^=cos-4, therefore OM=aco^A, 

Now, by Euclid vi. 3, 

PQ OP a 1 



ihatis, 



QM OM a cos -4 cos -4' 
PM-QM 1 



QM ""cos-4' 
iherefore (a sin -4 - QM) cos -4 = QM, 
herefore QM (1 + cos A) = a sin -4 cos A, 

a sin ^ cos ^ 



;herefore QM= 



l + cos-4 



XT A 1 .1 Q^ Q^ 8in-4 

Now tani^ = ^7--= — ^^ 5-=:; j. 

^ O^ acos^ l + cos-4 



Thus 



. , J, sin^ 



32. By the preceding Article when sin<4 and cos^ 
ire known we can determine tan^^ ; and then by Art 24 
re can deduce from tan \A the values of the other trigone- 
netrical ratios of \A. 

For example, suppose A = 30®, then \A = 15°. 

1 

tan 150=-?^^^?^= -J L«. 

l + cos30<^ ^,^/3"2 + ^/3' 

"^ 2 

¥6 may multiply both nimierator and denominator of the 
ast fraction oy 2- ^3, and thus we obtain the more 
wnyenient result 

taiil6«=2- ^J^. 
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By Art 23 sec* 16*= 1 + tan* 16= 1 +(2- V3)*=8— ' 

Hence we find sec 16^ by taking the square root of 8— 4 
it is shewn in Al^bra how to extract this square root 
is easy, by squarmg both members, to verify that 

V8-4^/3 = (V3-l)V2. 

Hence sec 16*= ( ^/3 - 1) ^/2. 

conifio ^ n/3+1 - N^3±l 

(n/3-1W2 (V3 + 1)(n/3-1)V2~ 2V2 " 

^^^^'=t"S5l5"o=2+^3- 
cosec>16«=l+cot« 16=8+4^/3, 
coseol6<^=(^/3 + l)^/2. 

• tro 1 n/3-1 

«^^^==(^3 + lW2 = "2V2-- 

Since the Trigonometrical Ratios for an angle of 15^ are 
known we can immediately deduce those for an angle of 76^ 
by Art. 16. 

33. The student should render himself perfectly ^miliar 
with the values of the Trigonometrical Ratios for an anffle 
of 30*, 46V or 60® ; as they will be perpetually used in tno 
subject Thus, for example, if an angle of 60® occurs it 
may be necessary to have tne cosine of this angle, which 
has been found to be ^. And conversely, if the cosine of an 
angle is known to be «, and the angle is less than a right 
angle, the student wiU immediately infer that the anjp^le 
contains 60®. Should there be any difficultv in this infer- 
ence it will be removed by the remarks made hereafter, in 
which it will appear why we introduce the restriction that 
the angle is less than a right angle. 

34. It may be observed that if an angle be less than 
4A^ the cosine of the angle is greater than the sine, and if 
tibe anffle be greater thui 46® and less than 90® the cosine 
is less than the sine: these residts follow immediately from 
the figure in Art 13, since the greater side in a triangle is 
opposite to the greater angle. 
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35. From the results given in Art. 31 we can deduce 
some other results which will be useful hereafter, while the 
process will serve to apply some of the formulad already 
established. 

We have (tan i^)«== -?JB!^ . 

^ ^ ^ (l+cos-4/' 

hence, by Art. 20, 

(\'^nlA\^- ^-^""^ _ (l-cos^)(l+cos^) 
^tant^; -(TT^^O^- (l+cos^)« ' 

"^^ (*^i^)'=ITS^- (1) . 

But, by Art. 23, 

(seci^)'=l + (tani^)* "^ 

_ 1 — cos^ _ 2 
~ 1 +COS -4 "" 1 + cos ^ ' 
therefore, by Art 19, 

/ 1 A\^ 1+COS-^l ,^. 

(cosi^)»= — (2) 

and (siiii^)«=l-(cosi^)»=l-i-^t^^ 

1— cos^ ,. 

= —2— (3) 

And sin -4 = (1 + cos -4) tan i -4 

=2(co8i^)2j^=2smi.^cosi^...(4) 

In these ArticlesTwe nse the form ^tan^^)^ as most 
intelligible for a beginner; but for abbreviation this is 
commonly written thus, tan*^^ ; similarly, sin' ^A is written 
for(sini-4)". 

Suppose we put 2B for A in (4) ; we thus obtain 

sin2-5=2sin-Bcos-S (6) 

The student will have to accustom himself to such 
changes as we have here exemplified; he must re^^ix<l 
(4) and (6) as expressing under sligbtt^ ^ffi^ewsc^. Vsrai% «^-^ 
actly the saoie result, so that from e\\i\iet lotm ^^ ^vwat 
immediatety, foUowB, 
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Examples. III. 
Find A from the following equations : 

1. 3sin^=2co82^. 

2. sec^ tan-4 = 2 ^3. 

3. sec2^ --8ec^ + l = 0. 

4. 6cotM-4cos'-4 = l. 

5. 3 cosec^^ + 8 sinM = 10. 

6. tanM-4tan^ + l = 0. 

Find A and B from the following equations : 

^' sin^""^ ' cos5~ ^S 

sin ^ _ ^/3 008^ _ 1 
cos5" ll2' sin^- ^/2' 

9. cos(^-J5) = -^, sin (-4 --B) = cos (-4+ J?; 
2 

10. cos(2^+5) = 5, %m{ZA-B) = \. 

2 ^ 

11. tan(4^ + 7-S)=24-Ay3, tan (6^-7-S)=2- 
12. sin .4+ sin 5= ^2, sin' -4 + sin' ^=1. 

13. Find A, B, and C7from the equations 

C0B{A+B+O=l, Bm{A-^B-0)=\, tan(^+C^ 

2 ^ 

14. Find the Trigonometrical Ratios for an 
0f22i^ 

J A Find tan 7i\ 16. Find tan ^1V* 
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IV. Applications qf Trigonometry. 

36. In the present Chapter we shall give some exam-' 
pies of the use of the Trigonometrical Ratios. It will not 
be possible to supply any great variety or extent of illustra- 
idon, because at present we have not advanced beyoud the 
simplest elements of the subject ; but the student may be 
led to take more interest in lYigonometry from seeing even 
Git this early stage that it admits of valuable practical 
application^ 

We begin by demonstrating an important proposition, 
nrhich connects the sides of a triangle with the Trigono- 
tnetrical Ratios of the angles. 

37. In a triangle the sides are proportional to the 
fines qf the opposite angles. 




Let ABC be a triangle; from A draw AD perpen« 
iicolar to the opposite side, meeting that side at 2>. 

AD 
Thus -J-- =sin -B, therefore AD=AB smB; 

' AD 
and -r^ =sin C7, therefore AD^^ACsmC; 

^erefore AB wn B= AC sin C; 

AB sin C 

ACw.B' 

This ahem th&i the propoaitioix \a toxft fet %svi ^C^&t 
idea. 



^ 
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We suppose that the two angles considered are aeu 
this will l)e sufiScient for the appucations we shall make 
the present Chapter : the case of a triangle with an obtiA 
angle will be considered hereafter. 

It is usual to denote the lengths of the sides of a triang 
opposite to the angles A, B, C respectiyely by the lettei 
a, 0, c, 

38. The apx>lications we are about to make of Trigono 
metry will consist of some examples of the calculation ol 
heights and distances. We shall assume that the lengths of 
str^ht lines on the ground can be measured, and also that 
the angle between any two straight lines which meet at the 
eye of an observer can be measured. Lengths are usually 
measured by means of a chain. Angles are usually mea- 
sured by a sextant or by a theodolite. A sextant will 
measure the angle between any two straight lines drawn 
from the observer's eye. A theodolite will measure the 
angle between any straight line drawn from the observer's 
eye and the horizontal straight line drawn in the same verti- 
cal plane as the former straight line : a theodolite will also 
measure the angle between two horizontal straigfht lines 
drawn from the observer's eye, one in one assigned vertical 
plane, and the other in another assigned vertical plane. 
A fuller account of the instruments used in measuring 
distances will be found in works on Surveying. 

39. To find ths distance cf an inaccessible point on a 
horizontal plane. 




Let C be the inaccessible point Measure any straight 
ine ^^ in the horizontal plane containing C, At A observe 
he angle CAB, and at B observe the angle ABC Then 
^0 ang^le JOB is known, by Euclid i. 32. 
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AG sin ABC 



Now 

jrefore AC= 



AB sin ACB ' 
AB sin ABC 



task ACB 
iaAOb known. 



If we require the perpendicular distance CD of C fix>m 
aye 



If we require the perpei 
I straight line AB we ha 

CD 



-^==.mCAB; 

3refore CD^ACsia CAB 

^ AB sin A BC si n CAB , 

08 CD is known. 

40. To find tJie height qfa vuible accessible otject, 

p 




. Let P be the top of the object, and let it be required 
find the height PC Measure any distance CB in a 
»rizontal straight line from the foot of the object; at B 
iserye the angle PBC. Then 

|g=tan PBC, 

lerefore PC= BC tan PBC \ 

05 POia known. 
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41. Strictly sx>eaking, in the preceding Article, i 
not a straight line measured on the ground, but a strs 
line parcUlel to the ground at a distance from it eqm 
the neight of the observer's eye at B. Thus PC is 
height of the object above the level of the observer's € 
to obtain the height of P measured from the ground 
must add to the value of PC the height of the observe 
eye at B above the ground. This remark mH be appHcai 
to some other Articles in the book ; we shall not repeat . 
nor need the student supply the correction thus notice 
unless it should be definitely required in an example. 

42. To find tJie height and distance qf an inacceisiblx 
object on a horizontal plane. 




Let P be the top of an object, and let it be reqwred 
to find the height PCj and the distance of the object 
fh>m a given point A in the horizontal plane through C, 
At A observe the angle PAC, then measure any length 
AB directly towards the object, and at B observe the 
angle PBC, Then in the triangle APB the side AB is 
known, and the aiigle PAB^ and also the angle APB; for 
the angle APB is the difierence of the angles PBC and 
PAC, by Euclid L 32. 

Now, by AH. 37, 

^l^~sin^P^' 

*k r DO AB^inPAB 

therefore BP = — ; — tdd - • 

sm APB 

thus BP is known. 

PO 
Then ^=sinP5(7; 
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therefore PC= BP sin PBC 

AB sin PAB sin PBG 



^APB 



thus PC is known. 



43. If however it is not convenient to measnre the 
length AB directly towards the object we may proceed 
thus : measure the length AB in any direction from A ; 
at A observe the angle PAB^ and at B observe the angle 
PBA, and the angle PBC 




Then in the triangle ABP the side AB is known, and 
the angles PAB and PBA ; and thus the angle APB is 
haown Dy Eudid i. 32. 



Now 

therefore 

thus BP is known. 

Then 
therefore 

ibuM JPCh known. 



AP_sinPA5 
-4^"sin^P^' 
ABmiPAB 



BP^- 



^mAPB 



PC 



= wiPBC; 



BP 
PC=BPsmPBC 

AB sin PAB w^ P BC 
am APB 
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44. An otQect of known Jieight is situateddbovf a hori- 
zontal plane; and the angle avbtended by the dtject at a 
given point in the plane is observed: it is required to 
determine tJie elevation qfthe object above the plane. 




Let AB be the object of Imown height; BO the 
required elevation above the horizontal plane. Suppose 
a segment of a circle described on A By containing an 
angle equal to the given angle subtended by AB : let this 
circle cut the horizontal plane at D and JS, 

Let be the centre of the circle ; draw OM perpen- 
dicular to AB and OiV perpendicular to DB, 

The angle A03£ is half of the angle AOB ; hence by 
Euclid iiL 20 the angle AOM is equal to the angle ABB, 
and is therefore known. 



And 



^^=imAOM; 



therefore MO = AM cot AOM; 

and as AM is half of AB we thus determine MO. And 

CN^JHO. 

Now one of the two distances CD and CE is supposed 
to be given, namely, the former or the latter according as 
the given distance is less or greater than MO ; and we can 
determine the other, since CN is known, and iV is the 
^d2e point of DJS. 
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Then by Euclid m. 36, 

CD,CE^CA.CB={CM-^MA){CM'-MA) 

'=C3P''MA^; 

therefore C3P =CD,CE+ MA\ 

This determines CM^ and then CB will be known. 

46. It may be remarked that by the aid of measure- 
ment of lengths and of calculation we may sometimes avoid 
the necessity of observing an angle. 




Suppose we wish to know the angle PAQ subtended at 
the point A by straight lines drawn from the points P 
andQ. 

Take any point B in^P; and take C on AQ such 
that AC=:AJ3; and measure BC, Then a perpendicular 
from A on BC would bisect both the straight line BC and 
the angle ^^1 (7; 

therefore sin J BA C= ^jg . 

Since the right-hand side of this equation is known, we 
can find the angle ^BAC by the aid of a Table of Sines; 
see Art. 29. Thus uie angle BACia determined. 

46. "We will give one example of the use of Triffono- 
metry in Mensuration. We suppose the student to know 
. that the area of a rectangle is measured by the product of 
the numbers which represent the lengths of two adjacent 
sides ; see the Notes on the Second Book of EwiLid, The 
area of a triangle is therefore i-epresented by half tV\A''^^ 
duct of its base and altitude, by lEK3nS&di\. Al\. ^^ ^«^ 
now be aibie %o demonstrate the pTO^ttohssa olHSaft Vs^^s^f^^J 
Article. 



28 APPLICA TIONS OF TBIGONOMETB Y. 

47. Ths area qf a triangle is eqtuU to haHftJie product 
qftwo sides into the sine qfthe included angle. 




Let ABC be any triangle, CD the perpendicular jfrom C 
on the base AB, 

Then thearea=i-45.CD; 

and 2^=sin5-4(7; 

therefore CD=AC%viBAC: 

thus the area = \AB.AC. sin BAC 

48. To express ths area qf a triangle when one side 
and the angles are knoton. 

With the figure of the preceding Article we have, as in 
Art. 39, 

.'AB^nABC 
^^~ sin^C'i^ ' 

therefore the area of the triangle 

^ ABKmiABCl. ain BAC ^ 
2 ain ACB 

49. The area of a parallelogram is double that of a 
triangle having the same base and altitude: hence by 
Art 47 the area of a parallelogram is equal to the product 
of two a^acent sides mto the sine of the included angle. 

Simjlarlj we may apply Art. 48 to find the area of a 
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Examples. IY. 

1. Given tan ^ = 1*06^ find the other Trigonometrical 
^tios. 

2. Given sin A = ^^^^^^^^^ > And the other Trigo- 
lometrical Batioa 

3. Given tan A = ^^ ^ , find the other Trigonome- 

pn—qm " 

aicftl Ratios. 

4. Find -4 from sin -4 + cos -4=^-. 

6. Find A and B from 

tan .4 tan 5=1, tan»^ + tan»5=y . 

6. Find A and B from 

tan^ + tan5=4, tan"-44-tan«J5=14. 

7. Find A and B from 

y3 1 

g, sin^sin j9=:-. 

8. Shew that the tangents of GO^, 45^ and 15^ are in 
Arithmetical Progression. 

9. At a distance of 100 feet from the foot of a tower 
ihe tower subtends ah angle of 30*^; find the height of the 
x>wer. 

10. A base AB of 100 yards is measured close to the 
Mtnk of a river, and a tree V on the other bank is observed 
Tom A and Bi the angle CAB i& {oxoAXa \^^^ vsi^^'^iss^ 
ingle CBA is found to be 46^ ; di^xusmA \iaft XswfkftiQo. 'j^ 
be river. 



30 EXAMPLES. IV. 

11. A person standiu&f on the bank of a river observes 
the elevation of the top of a tree on the opposite bank to 
be 76®, and when he retires 20 feet from the river's edge he 
finds the elevation to be 60® : determine the height of the 
tree and the breadth of the river. 

12. Find the area of an equilateral triangle, each side 
being equal to a. 

13. Find the area of an isosceles triangle, each of the 
equal sides being equal to a, and the included angle 30®. 

14. A man 6 feet high standing at the top of a mast 
subtends an angle whose tangent is ^ at a point on the 
deck 33 feet from the foot of the mast : nnd the height of the 
mast. 

15. The upper half of a post, seen from a pomt on a 
level with the foot of the post subtends an angle whose 
tangent is}: find the tangent of the angle subtended by 
the whole post. 

16. A staff atthe top of a tower is observed to subtend 
an angle of 15® by an observer at a distance of a feet from 
the foot of the tower, and also to subtend the same angle 
when the observer is at a distance of h feet : find the height 
of the staff. 

17. A column standing on a pedestal 25 feet 6 inches 
high subtends an anglQ of 45® at the eye of an observer who 
stands on the horizontal plane from which the pedestal 
springs. When the observer approaches 20 feet nearer to 
tne column it again subtends an angle of 45® at his eye. 
Find the height of the column supposing the height of the 
observer's eye above the plane to be 5 feet 6 inches. 

18. A person wishing to know the height of a wall, the 
foot of which was inaccessible, fixed an upright staff 6 feet 
high, f the height of his eye) at the place where the angular 
altituae was 45®. Having then walked backwards till the 
angle between the top of the wall and the top of the staff 
wafl 18® 26^, of which the timgent is }, he found by actual 
measurement that his distance from the staff was 70 feet. 

Tfetermine the height of the walL 
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V, Logarithms, 

50. The numerical calculations which occur in the solu- 
tion of triangles are abbreviated by the aid of logarithms; 
and thus it is necessary to ezplam the nature and the 
properties of logarithms. 

51. Suppose that a*=n, then x is called the loaarithm 
of n to the base a : thus the logarithm of a number to a 
given base is the index of the power to which the base 
must be raised to be equal to the number. 

The logarithm of n to the base a is written log. n : thus 
if a*= w, then a? =log. n, 

52. For example 4^=64, so that 3 is the logarithm of 
64 to the base 4; or log4 64 = 3. 

Agam, required the logarithm of 27 to the base 9. Let 
a denote the required logarithm, so that 9* =27: thus 
(3")*= .3', that is 3^= 3» ; therefore 2x = 3, that is a? = Ij. 

In the next three Articles we shall give the properties 
on which the utility of logarithms chiefly depends. 

53. 77is logarithm qf a product w equal to the sum of 
the logarithms qf its factors. ^ 

For let a?=log.m, and y=log.w; 

therefore m=^(fy and n=a'; 

therefore mn = a^+»' ; 

therefore log. mn = a? + y = log. m + log. n. 

54. The logarithm of a quotient is equal to the hga- 
rithmofthe dtmdend diminished by the logarithm of the 
divisor. 

For let a?=log.m, and v=\o^.n\ 

therefore m=a*, and n^qf*; 
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therefore -. = —.= a*"*' : 

n a* ' 

therefore log. — = ^ - y = log. m - log. «. 

55. The logarithm qf any power, integral or frac- 
tionalt qfa number is equal to t?ie product qfthe loga/rUhm 
qf the number by the index of the power. 

For let m^(f\ therefore m-= (a*)' = a*, 
therefore log. (m;;) ^xr^r log. m. 

56. To find the relation between the logarithms qf the 
same number to different bases. 

Let X = log. m, and p = log» m ; 

therefore m=af and = 5*; 

therefore a* =5*; 

■ 9 

therefore o^ = 5, and b* -a; 

OB f/ 

therefore - = log. 5, and - = log» a. 

Hence y=^log»a, and=| g. 

Hence the logarithm of a number to the base 6 may 
be found by multiplying the logaritiim of the number to 

the base a by log»a or by ^ = . 

Since log* a = , =- we have 

® log. ft 

logftaxlog.ft=»l. 

57. There are two systems of logarithms which are 
used in Mathematics. 

In one system the base is a certain number which 
cannot be expressed exactly; as far as nine places of deci- 
mals the number is 2718281828. . 
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This number is tisually denoted by the letter e ; and 
logarithms to this base are called Napierian logarithnUf 
from Napier the inventor of logarithms. This system of 
logarithms, although very important in theory, is not used 
in practical calcmations; and we shall not require to 
consider it in the present work. 

In the other system the base is 10 ; this system is used 
in practical calculations, and is called the common system. 

58. We shall not in the present work explain how a 
table of logarithms is calculated ; for this the student may 
vefer to the larger treatise. We may remark that in very 
few cases can a logarithm be assigned exactly, but as dose 
an M>proximate yfuue as we please can be found ; for ex- 
ample, a table may be constructed which shall give log»- 
ritnms to seyen places of decimals. 

We shall shew in the next three Articles what are the 
chief advantages of the common system of logarithms. 

59. In ths common system cf logarithms if the loga- 
rithm qf any number be knoion, we can immediately deter- 
mine ike logarithm qf the product or quotient qf that 
number by any power qf 10. 

'. For logioiVx 10»=logio iV+logio 10"=log,oiV+n; 

logio ^=logioiV-logio 10"=logio-y-n. 

That is, if we know the logarithm of any number we can 
determine the logarithm of any number which has the 
same figures, but differs merely by the position of tho 
decimal point. 

In future we shall for brevity use log for logio, that is 
we shall omit to specify the base 10. 

60. We know from Arithmetic that 

10«=1, 10^=10, 10"= 100, 10»=1000,... 

Now from this we infer that if a number lies between 1 
and 10, its logarithm lies between and 1 ; if a number lies 
between 10 and 100, its logarithm lies between I «jqsL'L\ ^ 
a number lies between 100 and \0Q^ \\a V5fj,«o&KSB3k.\iS!^ 
between 2 and 3. : and so on. 
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The integral piurt of a logarithm is called the character^ 
iHie, and the decimal part is called the marUis$a; thus as 
the logarithm of any number between 100 and 1000 is 
greater than 2 and less than 3, it is equal to 2-»-some 
dechnal: thus in this ca8e2 is the diaracteristic 

We shall now give an important proposition respecting 
the characteristic* 

61. In the common tystem cflogarithmi the eharaeter^ 
ietieqfthe logarithm of ajvy nunAer am be determined 
hp inspection. 

For suppose the nnmb^ to be greats than nnitj, and 
to lie between 10* and 10"^^; then the logarithm is greater 
than n and less than n-»- 1, so that the <^iaraGtmstie of the 
logarithm is n. Next suppose the number to be less than 

nnitjy and to lie between — and r~+j, that is between 

10^« and 10"""^; th^i the logaritimi will \ie some negatiye 

Soantity between -n and — (n+ 1) ; hence if we'agree that 
lie manUna shall always he positive, the chaiacteristic 
of the logarithm will be — (n + 1). 

Hence we have the following role: the characteristic of 
Ihe logarithm of a number is one less than the number of 
inte^ul figures of the number; when the number \ma no 
integral figures the characteristic of the logarithm is 
negatiye and is one more than the number of cyphers 
immediately to the right of the dedmal place m the 
number. 

62. By reason of the properties explained in the three 
preceding Articles it is unnecessary in a table of common 
logarithms to print either the characteristics of the 
logarithms or the decimal points of the numbers. 

For example, we find in a table the following figures : 

Kamber. Logiiritiiiii. 

15627 1938756 

This means that '1938756 is the mantissa: for the number 
15627 the eorresponding characteristic is 4^ and therefore 

log 15627 »4'1938756. 
Similarlylogl56*27=<2a938756,andlog'0015627 =^3*1938756: 
in the last example 3 is equiyalent to —3. so that we ex- 
press in the manner indicated the &ct that 
log -0015627 s -3+-193a756. 
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63. It 18 necessary to notice one point in practical 
operations idth negatiye characteristics. 

Sappose we require the logarithm of the cube root of 

-0015627. ByArt. 55 the logarithm 18 1 of 3'193S756. The 
diyisioii here can be immediately effectea ; for } of — 3 is — 1 ; 
and \ of '1938756 is '0646252 : thus the required logarithm 
is 1-0646252. 

But siqypose we require the logarithm of the square 
root of 0015627. By Art 55 the lo^thm is ^ of 31938756. 
It is convenient now to put 3*1938756 in the form 
-4+ 1-1938756 ;thwi dividing by 2we obtain -2 + '5969378, 
80 that the required logarithm is 2'5969378. 

Similarly if we require the logarithm of the sixth root 
of -0015627 we put 3*1938756 m the form -6 + 3*1938756; 
th^ dividing by 6 we obtain -1 + '5323126, so that the 
required logarithm is 1*5323126. 

64. The following example will illustrate the present 
Chapter. 

Given log3=-4771213 find the log of ^?i2!iiM)?. 

(90)i 
Let iV denote the given expression; then 

logi\r=log (2*7)»+log(*81)*-log(90)* 
=3 log 2*7+ ^ log -81 - j Ipg 90. 

Now log2-7=log j^=lQg?^ = 3lpg 3-1, 

log*81=log^^=logg=4log3-2, 

Iog90=log3*xl0=2log3 + 1,' 
hence log iV= 

3(3log3-l)+^(4log3-2)-|(2log3 + l) 

.(..■M),«3-,-M 



07 1 1 7 - 
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Examples. V. 

Find the logarithms of the following six numbers to the 
assigned bases : 

1. 256 to the base 2. 2, 32 to the base 4 

3. 243 to the base 9. 4. 16 to the base 8. 

5. 64 to the base 16. 6. 128 to the base 32. 

Given log 2 = '3010300, log 3 = •4771213, find the loga- 
rithms of the following twelve numbers : 



7. 18. 


8. 


60. 


9. 216. 


10. 


6480. 


1. 7200. 


12. 


4 
9' 


13. 4-32. 


14. 


•72. 


6. -376. 


16. 


•03. 


17. 6-1. 


18. 


(5J)-*. 



Given log3 = '4771213, log 7 =8450980, find the loga- 
rithms of the following tluree numbers : 

19. 63. 20. ^. 21. ;^. 

Given log 8 = '9030900, log 9 = '9542425, find the loga- 
rithms of the following tlu*ee numbers : 

22. Ij. 23. Vli. 24. {/li. 

25. Givenlog8=-9030900,log27 = 1-4313638, findlog2j. 

26. Write down the characteristics of the logarithms 
of 3-4512, 34512, 034512, and 000034512: also having 

given log '34512= 1 '5379701, find the logarithm of the pro- 
uct of the above four numbers. 

27. The decimal part of the log of 36541 is '5627804, 
find the log of !y('000036641). 

28. Find the log of '0625 to the base 8. 

29. Given log 1'4= 1461280, log 1'6= '1760913, find 
log '000315, 

30. Given log 2 find the log of 50 to the base 25. 

31. Given log 2 find the log of 1000 to the base 25. 

32. Given log 2 and log 3 find x from (r08)*= 1000. 
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VI. Ubb qf TMeB. 

65. Many collections of Mathematical Tables have 
been pablished, differing in extent and in the number of 
decimal places to which they are carried ; and thus practical 
calculators are enabled to provide themselves with such 
Tables as are most convenient for the special work on which 
theymay be engaged. A collection of Tables published 
by W. and R. Gmunbers may suffice for ordinary purposes. 
A dieap and very extensive collection of Tables nas been 
edited m C^rmany by Schron, and this work has been 
introduced into Enghmd with a Preface by Professor De 
Morgan. 

66. Collections <^ Tables usually contain explanations 
of tiie mode in which they are arranged, together with 
instructions for using them. We shall accordingly only 
give here some examples which will suffice to guide the 
student who may wisn to use an^ Tables for occasional 
calculation. We shall not give investigations of the accuracy 
of the methods which we exemplify ; for such investigations 
the student is referred to the larger treatise. 

67. One general consideration which applies to the use 
of Mathematical Tables is this : we rarely find what we 
require immediately in the Tables, but we find two entries 
between which what we require must lie, and from which 
it must be determined. Accordingly we have to exemplify 
the method of proceeding in such cases. 

68. To find the logarithm qf a given number. 

If the given number is contained in the Table we take 
the dednml part of the logarithm from the Table^ and 
prefix the disu'acteristic ; see Art. 61. 

Suppose however that the number is not contained 
exactly in the Table. The Table, for example, may give 
the logarithms of all numbers from 1 to 100000, and we 
may require the logarithm of 5632147. 

Here we take from the Table 

Kumber, LK>cv^\Xita. 

56321 15^^!^^ 

56322 15^^1^\. 
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Hence, by Art 61, 

log 6632100 = 67506704, 
log 6632200 = 67506781. 

The difference of the two numbers is 100, and the difference 
of the two logarithms is '0000077. Let x denote the 
quantity to be added to the logarithm of 6632100, in order 
to produce the logarithm of 6632147 ; then we (umme that 

100 : 47 :: -0000077 : a? ; 
that ia^ we assume that for a small change in the number 
tbere is a proportional small change in tne logarithm. 

47 
Hence we obtain a? =— x '0000077, that is '000003619, 

or to seven places of decimals '0000036. 

And -7606704 + 0000036 = '7606740. 

Therefore log 5632?l47 = 67506740. 

Then, by Art 61, we can immediately express the 
logarithm of any other number which is formed from 
6632147 by supplying a decimal point ; for example 
log 56321-47 =4'7506740. 

69. To find the number corraponding to a given 
logarithm. 

If the decimal part of the given logarithm is contained 
in the Table we take the corresponding number, and put a 
decimal point in the number in the place indicated by the 
given characteristic. 

Suppose however that the decimal part of the logarithm 
is not contained exactly in the Table; we shidl then have to 
perform a process like that exemplified in the preceding 
Article. For example, suppose the given logaritnm to be 
2-7606740. 

As before we have 

log 6632100 = 67606704, 

log 6632200 = 67606781. 

Let a denote the quantity to be added to 6632100 to 
prodace the number which has 6'7606HO for iU lo^smtVasou 
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Since 6*7506781 - 6*7506704 = -0000077, 

and 6-7506740 - 6-7506704 = 0000036, 

we form the proportion 

•0000077 : -0000036 :: 100 : x. 
* ^600 

Henoe x = -^ = 47 approximately, 

therefcm log 5632147 = 6*7506740, 

and therefore log 563-2147 = 2'7506740. 
Thus the required number is 563*2147. 

70. In using Trigonometrical Tables processes have to 
be {performed liEe those exemplified in the two preceding 
Articles for Tables of Logarithms. For example, we may 
have a Table of the sines of those angles which are ex- 
pressible exactly in degrees and minutes, and we may 
require the sine of such an angle as 20^ 14' 20'^ : in this case 
we must proceed as in Art 68. 

We take from the Table 

sin 20^4' =3458441, 
sin 20*15' =-3461 171. 

Let » denote the quantity to be added to -3458441 to 
pEOduce the sine of 20* 14' 2(f\ 

Since -3461171 --3458441 =0002730, 

we form the proportion 

60'' : 20" :: -0002730 : x. 

20 
Hence Jt=^ x -0002730 =-0000910; 

therefore sin 20* 14' 20" = -3458441 + -0000910 = -3459350. 

71. Tables such as those referred to in the preceding 
Article are called Tables of Natural sines, cosmes. tan- 
gents,... to distinguish them from other Tablea ^\s&s»dl ^x^ 
called Tables of Logarithmic ftme^ co»iXL<«i^^ \»ssi^^ss^»^«- 
We shall now consider the latter \axi^ ol^^X^^^ 



40 USE OF TABLES. 

72. The Trigonometrical Ratios of an an^le are nn- 
roerical quantities, and it is found yery convenient to have 
Tables which give the logarithmi of these numerical 
quantities, so that we may be saved the trouble of calcn- 
mting them by the aid of the Table of Logarithms. For ab- 
breviation log sin A is used to denote the logarithm of the 
sine of A ; and in a similar manner log cos A, log tan ^,.. . 
aroused. 

73. Since the sine of an angle is never greater than 
uni^ the logariUim of a sine will never be a positive 
quantitv; the same remark applies to the cosine. In order 
to avoid the occurrence of negative quantities in the Tables 
it is found convenient to add 10 to the logarithm of every 
Trigonometrical Ratio before registering it in the Tables ; 
the logarithm so increased is called the Tabtilar logarithm^ 
and is usually denoted by the letter Z. Thus 

Z sin ^ =log sin A + 10, 

Z tan ^ =log tan ^ + 10, 
and so on. Of course in calculation we shall have to re- 
member and allow for this addition to the real logarithms 
of the Trigonometrical Ratios. 

74 There is one point to which special attention must 
be paid in using hoih the Tables of the natural Trigono- 
metrical Ratios and the Tables of the logarithmic Trigono- 
metrical Ratios, namely, that as the angle increases the 
sine, tangent, and secant increase, but the cosine, cotangent 
and cosecant decrease; the bearing of this remark wiU be 
illustrated in the next Article. 

75. We win now give some examples of the use of the 
Tables of the logarithmic Trigonometriad Ratios. 

Given Z sin 20* 14' = 9*6388804, 

Z sin 20^ 1 6' = 9*6392230 ; 
required ^ Z am 20« 14' 20". 

Thedifibrenceof the given Tabular logarithms is '0003429, 
which corresponds to the difference 60 in the angles; so 
we form the proportion 

60 : 20 :: -0003426 ; as. 
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Hence «=^ x '0003426 =-0001 142 ; 

therefore Z sin 20* 14' 20" = 95388804 + -0001142 

= 9-6389946. 

The same data will fhmish an example of the calcula- 
tion of a logarithmic cosine. 

Given Z cos 69» 45' = 9*5392230, 

Z cos 69* 46' = 9-6388804 ; 

required Z cos 69® 46' 40". 

Here the proportion is 

60 : 40 :: '0003426 : x. 

Hence «=1^ ^ -0003426 = -0002284 ; 

therefore Z cos 69<» 46' 40" = 9*6392230 - -0002284 

= 9-6389946. 

Here x is subtracted from L cos 69* 46' because as the 
angle increases, the cosine decreases, and so also does the 
Z cosine. 

The two preceding examples resemble that in Art. 68; 
wo will now take one resembling that in Art 69. 

Given Z sin 20« 14' =96388804, 

Z sin 20* 16' = 96392230 ; 
find the angle which has for its Z sine 9*6389946. 

Let a denote the required number of seconds. 
Smce 9-6392230- 96388804 = -0003426, 

and 9-6389946- 9-6388804 =:0001142, 

we form the proportion 

-0003426 : 0001142 :: 60 : x, 

„ ^^ -0001142 „^ 

Hence ^-^^^oooSm^^^- 

Hence the required angle U ^^ \4' ^^''^ 
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EXAMPLBS. YI. 

1. Giyen log 34586 » 4*5389003, log 34587 = 4*53891 
find log 345*8637. 

2. Given log 41501 = 4*6180586, log 41502 = 4*61806 
find log 4150145. 

3. Given log 7*3510 « 8663464, log 7-3511=-8663( 
find log 735-1092. 

4. Given log 1752 = 3*2435341, log 1752-1 =3*2435^ 
find log 17*52087. 

5. Given log 6*1025 ='7855078, log 6*1026= -78551 
find log 610*257. 

6. Given log 61875=4*7915152, log 61876 = 4*79152 
find log 6187539. 

7. Given log 61601 =4*7895878, log 61602=4*7895£ 
find the number corresponding to 2*7895912. 

8. Given log 75014 =8751423, log 7-6015 ='87514 
find the number corresponding to 3*8751462. 

9. Given log 1*3107= '1175033, log 131*08=2*11763 
log 5=*6989700, find the seventeenth root of 131072. 

10. Find (r05)*<^ having given 

log 2= -3010300, log 2*653 = '4237372, 

log 3 = -4771213, log 2*664 = 4239009, 

log 7 = -8450980. 

1 1. Find L sin 38^ 24' 27'', having given 

Zsm 38^24' =9*7931949, 
L sin 38* 25' = 9*7933543. 

12. Find L sin 32® 28' 36", having given 

L sin 32<> 28' =9*7298197, 
Z sin 32<> 29'= 9*7300182. 

13. Find L sin 41« 50' 34"*6, having given 

Z sin 41* 60' 30^'= 9*8241743, 
Zsiu 41^ 6(/ 40" = 9*824191^ 
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14. Find Z cos 17* 31' 25'''2, having given 
Z cos 17^31' = 9-9793796, 
Z cos 17*32' = 9-9793398. 

16. Find Z tan 21* 1 7' 12", having given 
Z tan 21* 17' = 9-5905617, 
Ztan 21*18' =9-5909351. 

16. Find Ztan 27* 26' 42", having given 

Z tan 27* 26' = 97152419, 
Ztan27*27'=9-715550a 

17. Find Ztan 55* 37' 53", having given 

Ztan 55* 37' =101647616, 
diff. for 1'= 0002711. 

18. Find Z cosec 33* 10' 20", having given 

Z sin 33* 10' =9-7380479, 
Z sin 33* 11' =9-7382412. 

19. Given Z sin 16*= 9-4403381, diff. for l'=-0004403, 

Z cos 16*= 9-9828416, diffi for 1'= 0000362, 
find Z sec 16* 0' 27" and Z tan 16* 0' 27^ 

20. Find A, having given 

Zsin^ =9-4488105, 

Z sin 16* 19' = 9-4486227, 
Z sin 16* 20' =9-4490540. 

21 . Find A, having given 

Zsin^ =9-0787743, 

Z sin 6* 53' =90786310, 
Z sin 6* 53' 10" =9-0788054. 

22. Find A, having given 

Zcos^ =9-9657056, 

Zcos22*2S'20"=9-9657025, 
Z cos 22* 28'10"= 9-9657112. 

23. Find Ay having given 

ZcosJ - =9-2000000, 
Z cos 80* 53' =9-1998793, 
Z cos 80* 52' 50" =9-2000105. 

24. Find the value of lO'V, having ^N[CiDL 

log 21544 = 4*3333263, \og \Aan^= A^WA^LNJi;. 
Jag 21545= 4-3333465, log W^HV^ VW^V^^^A- 
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VII. SoltUion qf Bight-Angled Triangles, 

76. In eyery triangle tbere are six elements, namely 
the three sides and the three angles. When we have a 
sufficient number of these elements given we can calculate 
the remaining elements ; this process is called the solution 
€f triangles. It will appear as we proceed that when three 
of the elements are given we can calculate the remaining 
three, except when the three angles are given, and then we 
cannot determine the three sides but only the raJtio they 
bear to each other. 

We have already in Chapter it. given some examples 
of the solution of triangles, and in the course of the present 
Chapter and a Aiture Chapter we shall examine everv case 
which can occur. It is usual to consider separately the 
case of right-angled triangles as the investigations are 
more simple for these than K)r other trianfi;les ; accordingly 
^0 shall confine ourselves in the present Chapter to right- 
angled triangles. 

77. We shall use the notation fifiven in Art. 37 for the 
sides of a triangle ; and we shall always suppose that C is 
the riffht angle m a right-angled triangle. We use log as 
an abbreviation for logarithm, and we use L in the sense 
explained in Art 73. 

78. To solve a right-angled triangle having given the 
hypotenuse and an acute angle. 

A 




Suppose the hypotenuse and the angle A given ; then 

- = sin J, therefore a==ciAnA, 
^erefore }oga=logC'¥\ogvaLA^\^c\L^A-\^\ 
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- =sin i?, therefore 5= c ain i?, 

therefore log5=lQgc+logBiii-S=lQgc+Z8m-S-10. 
Fhos B, ay and 5 are determined. 

79. To solve a right-angled triangle having given the 
hypotenuse and a tide. 

Suppose c and a giren ; then 

sin^s -, logsm^=lQga-log<;, 
c 

therefore Z8m-^< = 10+loga-logc; 

this determines A ; then i9=90^~ J. 

^Lnd c'=ra*+6*, .therdbre 5«=c»-a2=(^_a) {c-^t-a), 

therefore 5= Jic-'a){c-i-a), 

log 5=Jlog(c-a)+ilog (<;+«> 

Or we may find b from the formula 

5=<;co8-4. 

80. To solve a right-angled triangle having given 
% side and an acute angle. 

Suppose a and A given ; then 

^=sin-4, therefore c= — 



c ' sm -4 ' 

^erefore log c=lQga— log sin ^ =log a-Z 8in-4 + 10 j 

v=tan-4, therefore 6 = ' v , 

therefore log & = loga - log tan -4 = log a - Z tan ^ + 10. 
rhus i9, c, & are determined. 

Suppose a and i? are given ; tlietL A=^^ -B^ ^js^Sjl^^ 
naj find c and b as before* 
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81. To solve a right-angled triangle having given the 
twondee. 

Here a and 5 are given ; then 
tan^=T, therefore log tan ^= log a -log 5, 
therefore Ztan^:=:10+log/s-log5; 

-=Bin-4, therefore c=-;^ — -r; 

C Blfija. 

therefore log(;=loga-log8ni J=loga— Zsin J + 10. 

Or we may find e from the formula e= s/ (a'+^')» but this 
is not adapted to logarithmic computation. 

82. It will thus be seen that in each of the four cases 
discussed in Arts. 78 to 81 we sufmose that we know two 
elements of a right-angled triangle, oesides the right angle, 
and we shew how the other elements, are to be determined. 
And it will be found on examination that we have discussed 
every case in which two elements are given besides the 
right angle, except the case in which the two angles are 
given. In this case we can determine the ratio of each 
side to the hypotenuse ; for we have 

e * e • 

but we cannot absolutely determine a, 5, and e. We may 
observe that smce ^ + ^= 90^ it is superfluous to give the 
values of A and B, for if one is given the other can be 
immediately found. 

83. We will now take some examples of the solution of 
right-angled triangles. 

Ex. (1). Suppose we have given c = 125, -4 = 64* 28'. 
a=<;sin^. 
Using a table of natural smes we find 

siA54«28'='8137776; 
iherefore a= 10r7221876. 
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Or, ufing logarithms, 

log 125 = 2-0969100 
X8iB54<^ 28 ^=9 9105067 
12-0074157 
therefore log a = 2*0074157. 

Now on comniltiiig the triUes of logarithms we find 
lofWi-73= 2-0074490, 
Ibg 101-72 = 2-0074064; 
nnd as lc«[ii^ Bob between the logarithms here giren we 
oondudettat a lies between 101*72 and 101*73. 

IM order to determine a more doselj we most emploj 
tte Principle qf proportional parU which is explained in 
Chapter yi« We will give the process for the present case. 

2*0074490 2-0074157 

2-0074064 20074064 



Biff. -0000426 DnSL -0000093 
Let X denote the excess of a abore 101-72 ; then 
-0000426 : '0000093 :: "001 : x. 
Hence we find x = '000218 nearly. 
Thus a= 101*72 +*000218= 101*722ia 

Onr two modes of calcnlation giye valnes for a which differ 
▼ery slightly. 

JB=90•-^=35^32', 

5=<;8in^. 

Using a table of natural sines we find 

sin 35«32'=*681 1765, 

5=72*6470625. 

Or, using logarithms, 

log 125=2*0969100 
Zsin 35^32^ =9*7643080 

ii*B6vav^ 
Tbarefore log b ~ V^V2\v^. 
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Now on consulting the tables of logarithms we find 

log 72-648 =1-8612237, 

log 72-647 = 1-8612177. 
Hence h is very nearly equal to 72-647. 

Ex. (2). Suppose we have given a = 147, c = 184. 

Z sin -4 = 10 +log a-log c. 

log 147=2-1673173, 

log 184=2-2648178, 

therefore X sin ^ == 9*9024995. 

Now on consulting the tables we find 

Z sin 63« 2^=9-9026389, 

Z sin 63n'= 9-9024438; 

and we conclude that A lies between 53^ 1' and 53^ 2\ 
Let X denote the number of seconds in the excess of A 
above 53^ r. Proceed as before, 

9*9026389 9*9024995 

9-9024438 9-9024438 

Diflf. -0000951 Diff: 0000667. 
•0000951 : 0000557 :: 60 : x. 
Thus a? =35 nearly, 
and -4-63<>r 35" nearly, 
jB=90®--4 =36® 68' 26". 

If we had only a table of natural sines we should proceed 
thus: 

sin ^ = - = i|^ = -7989130 nearly. 

C lo4 

On consulting the tables we find 

sin 53<' 2'= -7989856 

sin 63® r= -7988106; 

and we conclude that A lies between 53®!' and 53® 2'. 
Then we may pi-oceed as before to determine A more 
doselj; and we shall obtain A ~ 63® 1' 36^^ nearly. 
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And 5«=c«-a^=(<--a)(<j+a)=37x331, 

log 37 = 1-5682017 

log 331 =2-5198280 

2 |4-0S80297 

log &= 2*0440148 

Now on oonsulUng the tables of logarithms we find 
log il0-67 = 2-0440299, 
logll0-66=20439907; 
and hence 5 lies between 110*66 and 110'67. 

Let X denote the excess of h above 110*66. Proceed as 

20440299 2*0440148 

2-0439907 20439907 

Di£ -0000392 Di£E: -0000241 

'0000392 : '0000241 :: 01 : x. 

Thus ^='00615 nearly; 

and &= 110*66615 nearly. 

We might also obtain h by extracting the square root of 
37 X 331 ; without using logarithms. 

Ex. (3). Suppose we have given a= 237*6, -4= 34<^ 18'. 
log <?=log a^L sin ^ + 10, 

log 237*6=2*3758464 

Z sin 34<> IS' =9*7609140 

log ^=2*6249324 

ffow on consdting the tables of kgarithms we find 
log 421-64=2*6249418, 
logt 421*63=2*6249315; 
and hence e h'es between 421*0^ an^ 4^V^4. 



60 RIGHT-ANGLED TRIANGLES. 

Let X denote the excess of e above 421*63. Proceed as 
before; 

2*6249418 2*6249324 

2*6249315 26249315 





jm, -0000103 Diffi -0000009 




•0000103 : -0000009 :: '01 : dr. 


Thus 


«?= '0009 nearly; 


and 


0=421*6309 nearly. 



log 5;^ log a—L tan ^ + 10, 

log 237-6=2*3758464 

X tan 34« 18^ =9*8338823 

log 5=2*6419641 

Now on consulting the tables of logarithms we find 
log 348*31 = 2-5419659, 
log 348*30=2*5419535; 
and hence h lies between 348*30 and 348*31. 

Let X denote the excess of h above 348*30. Proceed as 
before, 

2*5419659 2*5419641 

2*5419535 2*5419535 

-0000124 -0000106 

•0000124 : -0000106 :: '01 : x. 

Thus X = -00855 nearly ; 

and & = 348-30855 nearly. 

84. The process of applying the principle of propor- 
tional parts is in practice much simplified bv the aid of the 
Tables ; we find in fact that the chief t>art of the calculation 
is performed for us. This will be obvious to the student 
on examining the Tables and the explanations which usually 
AccompaDj them. 
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EXAMPLES. VII. 

Solre the following eight triangles from the given 
quantities : 



1. 


c = 160, 


-4 = 30», 


(7=90<». 


2. 


c=200, 


a=100, 


(7=90». 


3. 


a=80, 


B=16\ 


C=9(f. 


4. 


a=75, 


&=76, 


C=9(f. 


5. 


c=120, 


jB=36^ 


(7=90». 




8in36<^= 


^•6877853, 


sin 54<>= -8090170. 


6. 


<?=290, 


a=200, 


(7=90». 




sin 43^36' = 


= '6896195, 


sin 43<^ 37'== 6898302. 


7. 


a=125, 


^=22i^ 


C=9(f. 


8. 


a=3, 


&=4, 


C=90». 



log 2 = -3010300, Z sin 53<^ 7' = 99030136, 
Z sin 53* 8' = 9-9031084. 

In solving the following four triangles the Tables will 
be required: 

9. c=196, -4=23«30r, C7=90«. 

10. <?=164, a=96, (7=90» 

11. a =124-6, ^ = 64^20', (7=90®. 

12. a=141, &=193, C7=90^ 



V-^ 
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YIIL Solution qf oblique-angled triangles ly the aid qf 
right-angled trxanglee, 

85. In the j^receding Chapters we have reBtricfced our- 
selves to the Trigonometrical Ratios of angles not greater 
than a right angle ; and we have in effect given a short 
course of Trigonometry as fiur as the solution of right-angled 
triangles inclusive, it is however obvious that we may 
have triangles with obtuse angles, and this leads us to 
extend our definitions of the Trigonometrical Ratios so as 
to include angles greater than a right anele. Accordingly 
we shall devote the next Chapter te tnis subject; and 
then we shall proceed in the following Chapters to explain 
certain properties of trianglea and the general solution of 
triangles. 

But it may be convenient for some students to be able 
to solve any triangle without entering on the consideration 
of the Trigonometrical Ratios of angles greater than a 
right angle; and the present Chapter will supply the 
necessary rules and explanations. Those who adopt the 
methods of solution to oe given in Chapter xl may look 
on the present Chapter as an appHcation and illustration of 
the elementary formuke of the subject. 

86. To solve a triangle having given ttoo angles and 
aside. 





Suppose e the given side; since two angles are given all 
the angles are fiiown. Draw AD perpendicuUir to BO or 
to jSC produced. 
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In tiie right-angled triangle ABD we know the hypo- 
tenuse ABj and the angle ABD; hence we can find AD 
and BDy hy Art 7a 

Then in ihe right-angled triangle ADC we koow AD 
and the angle ACD; hence we can find AC and CD, by 
Art 80. 

And, knowing BD and CD, we find BC immediately. 

87. To iolve a triangle having given two iideg and 
the included angle. 

The sokitkm is eiven in Chapter xi., and as it requires 
no priadples whichhaTe not been already ezpUdned it may 
be read at this stage. 

88. To solve a triangle having given two Hdes and the 
angle opposite to one of them. 

Let a and b be the given sides, and A the given angle. 

L Suppose a less than b. 






Then A is less than B, and so A must be an acute angle. 

Let AC denote the side b, and from C draw the perpen- 
dicular CD on the opposite side of the triangle, produced 
^ necessary. 

In the right-angled triangle ACD we know AC and the 
' -angle A ; hence we can find CD, and the angle ACD, by 
Art. 7a 

Then in the right-angled triangle CBD we know CD 
and CB; hence we can find BD and the angle BCD, by 
Art 79. 

And thus AB and the angle ACB TQ».^\s^lQQSi.V«sssBRjr 
dmtelf. 
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It will be seen that there are two triangles ABC, one 
haying the angle ABC ohttute, and one having the angle 
ABC acute. Hence this is usually called the ambigtums 
ccue, because corresponding to the given elements two 
triangles may generally be found. 

We say that two triangles may generally be found; 
there will not always be two triangles. For it may happen 
that CD is equal to the given quantity a; and then the 
two points marked B in the figure will both coincide with 
D, and there will be only one triangle with the given 
elements, namely the right-angled triangle ACD. Again, 
it mav happen that CD is greater than the given quantity 
a, ana then there is no triangle with the given dements. 

11. Suppose a equal to b. 




In this case the triangle is isosceles: we have A-B. 

Then in the right-angled triangle ACD we know AC 
and the angle A; hence we can find AD. And AB is 
twice AD. 

III. Suppose a greatet than b. 





A D B D A, B 

Then a^ in L we solve first the right-angled triangle ACD^ 
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and next the right-anded triangle BCD, The given angle 
A may be acute or obtuse ; but there is only one triangle 
corresponding to the given elements. For if we were to 
take a point ^ to the left of 2>, on BA produced, such 
that DB=DB, we should have CB'^CB=a, but. the 
angle CAB' of the triangle CAB^ would not be equal to 
tiie given angle A : in the left-hand figure the angle A is 
acute while the angle CAB" would be obtuse^ and in the 
right figure the angle A is obtuse while the angle CAB^ 
would be acuta 



S9. To solve a triangle having given the three sides. 




Let a denote the side which is less than;|(either of the 
others, so that the angles B and C must be acute* Draw 
AD perpendicular to iCi 

Let BD=x; then DC^^a-^o!. 

Kow AD^=AB'-BD^=AC^-DC*; 

thus c"-«»=&2-(a-^)2=52_^«+2a;i.-4;2, 

therefore a!= 

Thus Of is determined. 



2a 



Then in the right-angled triangle ABD we know AB 
and BD; hence we can find the angle B, And in the 
riS^t-angled triangle ACD we know AG and CD\\)iss&iKf^ 
we can find the angle C. 
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EXAMPLEa VIIL 

SolTe the following six triangles from the given qnanti- 
ties: 

1. c=84, jB=46S (7=30^ 

2. a=96, 5=48, (7=60®. 

3. a=l, 5=l+^/3, ^=:15^ 

4. a=V2, 5=2(^/3-1), ^=75<>. 
6. a=V3, 5=1, ^ = 120^ 

6. a=10, 5=6^/3, c=6. 

In solying the following six triangles the Tables will be 
required: 

7. c=124-5, -4 = 66® 15', 5=48<>36^ 
a a=5=276-6^ C=72<>40'. 

9. a=166, 5=218, -4=36«. 

10. a«760, 5=626, ^=80<>. 

11. a=360, 5=288, ^ = 125^ 

12. a=125, 5=170, <?=200. 

13. In the €mihifftum9 cote when a, 5, and A are given, 
shew that 

c= 5 cos -4 =fc /^/ (a^ - 5' sinl4). 

14 If the peipendicular drawn from the vertex of a 
triande on the base fall within the triangle, shew that 
the ^fference of the segments of the base is to the differ- 
ence of the sides as the sum of the sides is to the base. 

Shew how to solve a triangle having given the two sides 
and the differ^ice of the segments into which the base ia 
divided by the perpendicular from the vertex. 
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IX. Application qf Algdfrateai Sign$, 

90. In tlie preeeding Chapters we hare defined tlie 
Trigonometrical Ratios and estaUished certiain rdations 
between them ; and we hare illostrated the use of the Tri- 
gonometrical Ratios. We have hitherto confined oorselyes 
to angles not exceeding a right angle, but it is obrious 
that angles greater than a ri^ht angle may oecur in mathe- 
matical investigations and m practice; and it becomes 
necessary to consider how the Trigonometrical Ratios 
apply to such angles. 

91. Let O be a fixed point in a fixed straight line, 
and suppose we have to determine the positions of other 
points m this straight line with respect to O. The position 



of any point in the straight line will be known if we know 
the aistance of the point from 0, and also know on which 
tide qf O the paint lies. Now it is found convenient 
to adopt the Mowing convention: distances measured 
in one direction from along the fixed straight line are 
denoted by positive numbers^ and distances measured 
in the OTOod^ direction from along the fixed straight 
line are denoted bv negative numbers. Thus, for exam- 
ple, suppose that oistances measured from O towards the 
riffht hand are denoted by positive numbers, and let 
Jr be a point the distance of whidi from O is denoted 
by S or +2 ; then if ilf ' be as &r frt>m O as JIf is, and 
on the oilier side of 0, the distance of M' frt>m is de- 
noted by -2. 



92. We have called this method of determining^ posi- 
tion by means of numbers affected with aleebraical signs a 
convention; we mean by this word to indicate that it is 
not absolutely necessary to adopt this method, but merely 
convenient. The symbols + and — are denned in the 
beginning of elemoDtarv works on Algebra aa vqjSSs»^^ ^ 
the operations of addition aaid. a^Xxu^^'GL xsas^wiia^^* 
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As the student adyances in Algebra he finds that the sym- 
bols + and — are also used as rndkative of the qualities 
of quantities. And it is seen that no contradiction or con- 
fusion ultimately arises from this double mode of conaider- 
inff ih» symbols, but that Algebra gains thereby consider* 
aUy in power. (See Algdn'a^ Chaps, y. and xiy.) 



93. We shall now extend our definitions of the Trigo- 
nometrical Ratios so as to make them applicable to any 
angle not greater than two right tmgles. 





Let AB^ AChQ two stndght lines at right angles ; let 
a straight line turn round the point A from AB towards 
AG9 and come into any podtion AP : draw Pibf jperpendi- 
cnlar to AB or to ^J9 produced tlirough A. Then con- 
sider AP as always positive ; consider AM as positiye or 
ncgatiye according as Jf is on the same side of AC as jS ii^ 
or on the opposite side ; PM will in all cases be on the 
aame side ofAB as (7 is, and will be considered as posi- 
tire. Let the angle PAB be denoted by A: then the 
Trigonometrical lUtios of ^ are thus defined, 

. . PM . J PM . AP 

. AM ^ . AM . AP 

cos-4=2p, cot-4 = -p^, cosec^=^p^, 

versA^l-CMAy coTer8^»l-sin^. 
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94.' The excess of two right angles over any angle is 
called the supplement of that angle. Thus H A he ihf 
number of degrees in any angle, 180- A ia the number of 
degrees in the supplement of the angle. 

95. To compare th>e Trigonometrical Ratios qf any 
angle with those of the supplement. 




Let PAB be any angle ; produce BA to jB', and make' 
P'AB^PAB : take AP'^AP and draw PM and P'M' 
perpendicular to BB^. 

The angle P'AB=\%(3f'-P'AR=\W-PAB; thus 
P'AB is the supplement of PAB. The triangles PAH 
and P'AM' are geometrically equal in all respects. Now, 
by definition, 

vmA^jpy sm(180'-^)=-2p/ ; 

and smce PM and P'M' are equal in magnitude and both 
positiTe, we have 

8m^ = sin(180«--4). 
Also, by definitk>n, 

cos-4 = -jp-, cos(180^--4) = -Tpr« 

Now.^ilf and^^f^are equal in magnitude, but since 
they are measured in opposite directions from .d, they are 
of opposite signs : 

thus cos-4=-cos(180®--4). 

The other Trigonometrical Ratios of t\v^ %X!LigL^ A ^ssfis^ 
be compared with those of the BappYwassaX. ^^^JsJosst Vi ^^sw**- 
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use of the figare, (nfby employing the two results already 
establidied; thus, adopting the latter methody 



X /,«Afl .IN Mn(180*--4) sin^ 
^°(^^^-^)= cos(1800-^) "3^^ 

CO8(180*-w4) _ -008^ 

sin^ 

1 



'sin (180®-^) 

1 



cot(180*-J)= 

'^(^^-^)" cos(180^^^) ":^^5i^ 
co8ec(180«--4)= 



s-tan.^, 
= -cot J, 
= — sec^, 



1 1 A 

— jv = -; — 7=cosec-4, 
-A) sin-4 ' 



sin(180*-^) 

TerB(18a»--4)=l-cos(180«-^)«l+cos-4. 

Thus the sine and cosecant of any angle are respectiyely 
the same as the sine and cosecant of the supplement of the 
angle ; the cosine, tangent, cotangent, ana secant of any 
aoffle are numerically equal to the corresponding Ratios 
of the supplement of the angle, but are of opposite sign. 

96. It follows from the preceding Article that if the 
sine of an angle be given, and we have to determine the 
ang^e without exoeecung two right angles, there will be in 
general two angles which may be taken. For example, if 

the sine of an angle be -, we know by Art 28 that 30* is one 

value of the corresponding angle; and by Art 95 we 
have 180^-30*, that is 150^, for another value. Similar 
remaiks apnly for the cosecant. But for the other Trigo- 
nometrical Batios this does not hold. 

97. It is essential to have a distinct conception of the 
limits to which the values of the Trigonomemcal Ratios 
tend, when the angle becomes very small 



V^ 
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The line AP is supposed to turn romid A, vemaifting 
always of tiie same lei^;th. 

First take the sine^ 

sulPAB^-jP^ 

Now the figure shews that the smaller the anp^le PAB is 
the smaller PM is, that is the smaller is the sme; and bj 
taking PAB small enouffh the sine will become as smaU 
as we please. These resiuts are abbreviated tiins: 

the sine qfO^ if 0. 
Next take the eoshie^ 

cosine P^^=2¥- 

Now the figare shews that the smaller the angle PAB is 
the nearer is AM to AP in magnitudcLthat is, the nearer 
is the cosine to unity; and by taking PAB small enough 
the eosioe wfll approa^ as near to unity as we please. 
These resists are abbreviated thus: 

thecoiineqfO^ieh 
Next take the tangent^ 

U^PAB^^. 
AM 

New tte fignro shews that the smaller the aiigfe PAB is 
Uie smaller Pif is and the nearer AM is to AP, ttat Ial 
the smaller is the tangent; and by taking PAB small 
enough the tangent wm become as small as we please. 
These results are abbreviated thus : 

the tangent qf^i^^. 
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Kezt take the cotangent, 

cot PAB^^. 

Now as we have alread;^ stated, the smaller the angle 
PAB is the smaller PM is and the nearer AM is to AP, 
that is, the larger the cotangent is ; and by taking PAB 
small enough the cotangent will become as great as we 
idease. These results are abbreviated thus : 

the cotangent qf 0^ it co. 

Kext take the cosecant, 

cosec PAB—'pj^, 

The reasoning is similar to that in the case of the 
cotangent, and the results may be abbreviated thus: 

the cosecant 0/ 0^ is co, 
Kext take the secant, 

^PAB=^. 

The reasoning is similar to that in the case of the 
cosine, and the results may be abbreviated thus: 

the secant qfO^ is 1. | 

Since TersP^^=l-cosP^^ we have results which 
we may abbreviate thus: 

the versed sine qfO^ is 0. 

98. We have obtained the previous results by repeated 
reference to the figure, but it should be observed that fraaK 
the first two results the others might have been inferired. 
Thus, for example, 

X n jn ^^^ PAB 
the tangent of 0^ may be said to be equal to r, that is to 0. 
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Agam «>*^^^=5i:^ZS' 

thoriEe cotangent of 0^ may be 8aidto be equal to -, that Is 

ib inliiiiiy. 

99. It is also necessary to haye a distinct oonceptioii 
of the Kmits to which the Trigonometrical Ratios tcmd 
when the anjp^le becomes yery nearly a right angle. Thesd 
may ^ obtained from the figare, in the manner of Art 97 ; 
or they may be deduced from the results given in Art 97. 
We shall adopt the latter method. 

Thus, by Art 16, 

sin 90*^=008 0*= 1, 
cbs90®=8in0*=0, 
tan90®=cot0*=ao, 
cot90«=tan0<>=0, 
sec 90**=cosec 0®= <», 
cosec90®=sec0®=l, 
yers 90® = 1 - cos 90® = 1. 

100. Finally it is necessary to have a distinct concep- 
tion of the limits to which the Trigonometrical Ratios tend 
when the angle becomes yery nearly two riffht angles. 
These also may be obtained from the figure in we manner 
of Art 97 ; or they may be deduced from the resists given 
in Art 97. We shall adopt the latter method. 

Thus, by Art 95, 

sin 180®= sin0®=» 0, 

cosl80®=-cos0®=-l, 

tanl80®»-tan0®= 0, 

cot 180®= -cot 0®= 00, 

gecl80®--sec0®«-l, 

^cosec 1 80® = cosec 0® = oo , 

vers 180® « 1 -coa \SQ?^ =^- 
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101. One remark may be made to prevent a possible 
misconception of some of the preceding results. We hare 
put 00 as tbe value of tan 90^. The student must not 
assuiie that eo means necessarily + oo. If an angle is a 
little less than 90^, the tangent is large BXkdpontive; if the 
angle is a little greater than 9(fi, the tangent is lai^ and 
tuffotive; so tfaat in saying that tan 90^ is « we must not 
•aiq;mse that the sign + is necessarily to be taken before oo. 
So also HI other eases. We have put qd a» the value of 
eotl80*y whereas the student might have expected — oo. 
tt i» truer that if an angle is a uttle leas than 180^ the 
cotangent is negative ; but if, as in a subsequent Chapter, 
we suppose an angle a little greater than 180*, the cotan- 
gent is positive. 

102. The following taUe collects many of the results 
obtained in the present Chapter and Chapter in. 
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Examples. IX. 

1. Find the number of degrees in each angle of a regu- 
lar pentagon. Pind also the number of grades. 

2. The number of grades in an angle is equal to two- 
thirds of the number of degrees in the supplement of itio 
angle : determine the angle. 

3. There are as many degrees in the complement of A 
as in the supplement of iA : determine A. 

4. Given sin-4 = Y^, find the Trigonometrical Ratios 
fori A. 

6. Given cot -4 = 2— ^3, shew that sec -4= ijS^^2, 
^d cosec-4 = s/6- J2, 

6. If tan -4 = 1 + i^2, find cos"J, sin*-4, and cos 2A^ 

7. If tan-4 tan J5=l, shew that sec-4 = cosec5. 

3 

8. If tan 2^4 = -7, find cos 2A, sin 2^, cos^, andsin^. 

9. Shew that tan 62i«=( ^/3 + ^/2) ( ^2 - 1), 

10. Given sin ^ = m sin B, and cos ^ = n cos B, find 
dnM andsin^J?. 

11. Given sin^=9nsin^y and tan^=ntani?, find 
iin'-4 and cos'-S. 

12. If tan-4 + sec-4=2, shew that 8in-4= — , 

o'— 1 

13. If tan-4+secu!l = a, shew that sin-4 = -j-—-, 

14. Given sin-4 + cosec^=^i^^^^,^\A«flvA. 
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16. If Bin -4 + cosec -4 = a, shew that 

16. If a cos'o? + h bvol^x = m cosV, 
and a sin'^ + b coB*af = n sin V^ 
find sin'^ and sin^* 

17. Shew that 

tan^ cot^ 

tan^— tan^ cot -4 -cot -5" 

18. Shew that 

(4 cosM - 1)2 tan2^ + (3 - 4 cob«-4)» = sec^-^. 

19. Shew geometrically that sin 2 A is less than 
2 sin .4. 

20. Shew that 

cosec ^ (sec -4 - 1 ) + sin -4 = cot -4 (1 - cos -4) + tan -4. 

21. Given a=6, 5=20, (7=90*', find A and B. 

log 6 = -6989700, L tan 76® 67'= 106016170, 
X tan 76® 68' = 10-6021637. 

22. Given a =966, &= 12-24, 0=90% find A and jff. 
log 2 =» -3010300, log 163=2-1846914, log 193 = 2*2866673, 

L tan 38® 16'= 9-8967116, Z tan 38® 16'= 9-8969714. 

23. If sin^ + co8-4=a+ ,^(l-a"), shew that either 
Bin A or cos^ is equal to a. 

24. If sin-4=a+ a/Q -aA, find cos^. 
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X. Properties cf Triangles. 

1 03. The present Chapter will contain some properties 
of triangles which are useful for the solution of triangles. 
We begin with a proposition which we have already given 
in Art. 37, but which must be repeated in order to shew 
that it holds for oblique-angled triangles as well as for 
acute-angled trianglea 

We retain the notation of Art. 37. 

104. In any triangle the sides are proportional to the 
sines of the opposite angles. 





Let ABC be a triangle, and from A draw AD perpen- 
dicular to the opposite side, meeting that side, or that side 
produced at 2>. ' 

If B and C are acute angles, we hare from the left- 
hand figure 

AD = AB sin B, and AD = ^4 (7sin Ci 

therefore AB sin -B = -4 C«ax (7, 

AB _ sin O 
AC 



therefore 



that is 



siUiB' 

c _ sin C y 
5"*sin5* 

If the angle C be obtuse^ we have from the right-hand 
figure 

AD^^ABfAsiB, and u4i)=u4 (7sin (180*- C\ 
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therefore AB sm 3= AC sin C, 

.1 - AB sinO 

therefore -j-py = . - ^ , 

AG sinB^ 

. , . . ^ c sin C 

that IS i:=-^D» 

smB 

If the angle C7 be a right angle we have 
AC==AB sin B, 

A 




therefore 3? = ra=si ^^"^ ^^>' 



that is 



e smC 



b sinB' 
Thus it is shewn that in every case 
c^sinC 
6 ""sin 5* 

f,. ., , a sin^ , a sin^ 

Similarly ir = -r— g^ and - = -r-77 • 
^ b BinB c smC 

The results may be written symmetrically thus : 
wx^A sinB sin G 



and we shall shew hereafter that each of these is equal to 
gL, where! 
Hie triangle. 



—^ , where R is the radius of the circle described round 
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105. In any triangle ABC the tangent qf hdff the 
difference cf the angles B and C is to the tangent of ha^f 
their sum as the difference qfthe two sides AB and AC w 
to their sum. 




Let AB be the shorter of the two sides ABy AG. 
"With centre Ay and radius AB, describe a circle cutting 
AG 9X D. Produce GA to meet the circumference again 
at E, Draw DF at right angles to BD, meeting BG at F. 

The angle BAEia equal to the sum of the angles ABG 
and AGB, by Euclid i. 32; the angle BDE is equal to 
half the angle BAE, by Euclid in. 20; 

thus BDE^^(B + G). 

The angle ADB is equal to the sum of the angles DBG 
and DGB, by Euclid i. 32 : 

thus DBG=ABB-DGB 

^l{B+G)-G=l{B--G). 
The angle DBE is a right angle, by Euclid in. 31 : 
thus ~^=t&n BDE. 

T\Tt 

And ~=timDBa 

, Uni(B-G ) DF BE _DF 

iherefore ^^^^^^ ^^ - j^j^ ■- j^^- j^ j, • 
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But DF is parallel to BE, by Euclid l 29; therefore, 
by Euclid yi. 4, 

DF BE 
D0~ CE' 

., . DF CD CA-AD CA-AB 
therefore _ = ^ = ^^^—^^ = ^-^—^ : 



thus 






106. To express the cosine of an angle of a triangle 
in terms of the sides. 




Let ABC be a triangle, and suppose C an acute angle. 
I>raw ^2> j>erpendicular to EC. 
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Then, by Euclid n. 13, 

AB^=BC^+AC*-2BC. CD, 

and CD=^ACcosC; 

therefore c^=a^+i^- 2ab cos O. 

ISext suppose C an obtuse angle. Draw AD perpen- 
dicular to BG produced. 




Then, by Euclid n. 12, 

AB'=BC*+AC^+2BC.CD; 

and CD=ACcosACD=ACoos{lS(fi-Cr)='"ACoosC, 
by Art. 95; 

therefore o* = a* 4- 62 - 2a5 cos C. 

Thus in both cases 



cos (7= 



2ab • 



Moreover when (7 is a riffht angle a*+5'=c', and 
cosC=0, by Art. 99. Thus the formula just found for 
cos C is true whatever the angle G may be. 



Similarly 



coaA= — s^TT — , cos5= 



26(5 



*i.a.c 
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107. To express the sine, cosine, and tangent, ofhcdf 
an angle of a triangle in terms of the sides. 

We have by the preceding Article 



cos -4 = - 



2bc 



therefore J-cos^ = l ^^—^—A^-—. 



Hence^ by Art. 35, 

(a-\-h-c)(a-\-c-b) 



t ' 1 >*M a*-(b-c)^ 
(8mM)'=— ^^^-^ 



4bc 

Let 2s stand for a-hb-^c, so that sh half the sum of 
the sides of the triangle; then 

a + b-c=a+b + c-2c=2s-2c=2{s-c), 

a + c-b=a + b+C'-2h=2s-2b=2{s-b). 

Therefore {smiA)^ = ^^'^l^^''^\ 



and BmiA=^^^'-^l^;-''y 

Also 1 + cos ^ = 1 + — -= = i — -~ . 

2bc 2bc 

Hence, by Art. 35, 

(cosi^).= (l±^' ". 

- (^ + ^ + c)(J>-^c-<') _ s(s-a) ^ 
" Abe " be * 

and . cosiA■=^/'^^^. 
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From the values of sin ^ ^ and cos ^ ^ we deduce 






108. To express the Hne qf the angle qf a triangle in 
terms qf the sides. 

By Ari 35, sin -4 = 2 sin i -4 cos i -4, 
therefore sin^=2^^E^), J?^ 

= |V«(«-aK*->)(»-c) (1). 

Or we may proceed thus : 

(Sin A)*=l -(cos^)2=l-(5^i^')' 

therefore 

. . N/2pc«+2c*a«+2a«6«-a*-6*-c* ,„, 

By comparing the two expressions for sin A we infer 
that 

*(*-«) (*-&)(«-c) = jg , 

and this can be verified by multiplying out the factors 
Sf s-Oj *-&, and*-c. 
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Examples. X. 

1. If Bin5=2, a=3,t = |,find^. 

2. One of the angles of a plane triangle is 120^, and 
the sides including it are in the ratio of 4 to 1 : shew that 

the cotangents of the other angles are 3 a/3 and ■—- . 

3. If6=c(^/3-l), and^ = 30^find^and(7. 

4. If 6 = 2a, and C= 60«, find A, B, and c. 
6. Find A when o = 7, & = 6, c=3. 

6. If a, &, and c are 1| feet, 1 J feet, and 2 feet respec- 
tively, find C, 

7. The sides of a triangle are 7, 8, 13 : find the greatest 
angle. 

8. The sides of a triangle are respectivelY 13 and 15 
feet, and the cosine of the included angle is ^| : find the 
third side, and also the perpendicular on it from the 
given angle. 

9. Shew from the formulae for sin B and sin - that 

10. If a = 6, 5 = 4, and (7= 60^ find c ; having given 
log 3 = -4771213, log 7 = 8450980. 

log 45825 = 4-6611025, log 45826 = 4-661 1120. 

11. A perpendicular is drawn from the angle ^ of a 
triangle on the side BG meeting it at 7> ; and a perpen- 
dicular from B on the side CA meeting it at E\ shew that 
DE=ccosC. 



EXAMPLES, X. 76 

12. Shew immediately from the figure in Art. 106 that 

a=6cos(74-ccos-S. 

13. From the result in the preceding example and the 
two analogous results deduce tne value of cos C given in 
Art. 106. 

14. If sin A =p V(l -^) + q \/(l -p^y find cos A. 

1 .r ai- xi^ A X 4 sin ^ 4- sin 2^ 

15. Shew that tan-d = r— ^ jr-f 

1 + cos -4 + cos 2 A 

16. If tan u4 + cot ^ = 2, then sin^ + coSu4 = ,^2. 

17. Find A from the equation 

sec*-4 + cosec ^A^Z sec*^. 

18. The hypotenuse AB of a right-angled triangle is 
divided at D so that -42> is to BD as CB is to CA : shew 

that tsjiACD = ^l, CD='^!^^^. 

(^ a+b 

19. From a ship at sea it is observed that the angle 
between two forts A and -B is a; the ship sails for m miles 
towards A, and the angle between the forts is then ob- 
served to be j3; find the distance of the ship from B at the 
second observation. 

20. If a cos'o? + h sin'^ = m cos' y, 

a sin'^ 4- b cos';r = n sin^ y, 
and m tan'^c = n tan^ y, 

shew that (a + b){m + n) = 2mn, 

and tan^;r=:l. 
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XI. Solution of Triangles, 

109. To ioloe a triangle having given two angles and 
a side. 

Suppose A and C the given angles, and h the given 
side; then 

a sin A /A_j.,yvj\ 

T==- — ^, (Art. 104.) 

., - &8in-4 

therefore a - — — ^ ; 

sin-5 ' 

therefore log a = log 6 + log sin A - log sin B 

= log 6 + 1 + i sin ^4 - 1 - Z sin ^ 

=log & 4- Z sin -4 - Z sin B, 

Similarly log c = log & + Z sin (7 — Z sin B. 

110. To solve a triangle having given two sides and 
the included angle. 

Suppose b and c the given sides and A the included 
angle. » 



We have, by Art. 105, 

tan^(Jg-C7)^5-g 





t2jii{B + C)~'b + c 


Now 


A + B+a= IS0\ 


therefore 


B + C^ISO'-'A, 


therefore 


i(5+(7) = 900-|, 



therefore tan J (5 + (7) = cot "^ . (Art. 16.) 
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: Hence t^i(B-0^b^ 

therefore tan i (5- C) = ^ cot J A, 

therefore 

Iogtani(5-C7)=log(&-c)+logcoti^-Iog(& + c), 

therefore 

Limi{B''C)=log(b-c) + LcotiA-log(p+c). 

This formula determines J(5-C); and i(5 + (7) is 
known, since it is 90®— J-4; then B and (7 can be im- 
mediately found. 

Also ?-5E^, 

c sm C7 ' 

therefore loga=log<? + Z8in-4— Zsin(7, 

from which a can be found. 

This process supposes h and c to be unequal. If b and c 
are equal, the triangle is isosceles; and then by drawing 
a perpendicular from the an^le A to the base the triande 
may oe divided into two right-angled triangles, and Sie 
solution may be completed as in Ait. 78. 

111. To solve a triangle having given two sides and 
the angle opposite to one qfthem. 

Let a and b be the given sides, and A the given 
angle; then 

8in^ _ b 
sin -4 "a* 

therefore sin -S = - sin A. 

a 

therefore log sin jB = log 5 + log sin -4 - log «, 

therefore X sin -B = log 5 + L aVn A — V>^ a* 
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& sin Al 
If is less than unity, two different angles may 

be found less than 180® which have for sine, one of 

these angles being less than a right angle, and the other 
greater. If a be not less than b, then A must be not less 
than B, and therefore B must be an acute angle ; thus 
only the smaller value is admissible for B. If a be less 
than b then either value may be taken for B, When B is 
determined, C is known, since it is l8(/^—A—B, and then c 
can be found from 

c _8mC 

a ~ Bin A ' 

Thus if two values are admissible for B we obtain two 
corresponding values for (7 and c, so that two triangles can 
be found from the given elements. 

If = 1 then J9 is a right angle, so that only one 

triangle can be found from the given elements. 

If -— - — is greater than unity, no triangle exists with 
the given elements* 

Thus when two sides are given and the angle opposite 
to the less, we can generally find two triangles from the 
given elements, and this case in the solution of triangles is 
therefore called the ambiguous case. 

We say that two triangles can be generally found, in 
order to allow for the exceptions : for the triangle may be 
right-angled, and then only one triangle can be found; or 
the triangle may be impossible. 

Some figures illustrating the solution of triangles when 
the given elements are two sides and an opposite angle 
wiU be found in Art. 88. 
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112. To solve a triangle having given Uie three sides. 

By Art. 107, we have 

. A /is-b)(S'-c) 

A /i(8^) 



2 ^ be 
tan- 



A /{ ^S'-h){s-c) 
2 V «(«-a; ' 



and similar formulse are true for the other half angles. 
Any OB0 of the three formulae will serve for finding the 

angle ^ ; the formulse for the tangent will however be the 

best to use with logarithms, because then we only riBouire 
the logarithms of *, *-a, *-&, and *-c in order to find all 
the angles ; whereas if we use the formulse for the sine or 
cosine, we shall require also the logarithms of the sides. 

113. We will now take some examples of the solution 
of triangles; we shall not give the process of applying the 
principle of proportional parts, for this has been sufficiently 
exemplified in Chapters .VI« and VII. : we shall merely 
9tate the results. 

Ex. (1). Given &= 234-7, c= 185*4, ^=84«36', 

Ztani(i?-(7)=log(6-c) + Zcoti^-log(&+c). 

6-c=49-3, 6 + (J=420-l, ^^=42^8'. 

Log 49-3= 1-6928469 

L cot 42*18'= 10-0409920 

11-7338389 
log 420-1= 2-6233527 

ZtanJ(5-C)= 91104862; 
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^ Hence we find from the tables 

i(i?-C) = 7« 20' 56" nearly, 
and i(5 + C)=47M2'. 

Thus B=55^2r 56", C= 40® 21' 4''. 

And log 185*4= 2-2681097 

Z sin 84^36'= 9*9980683 

12*2661780 
ZBm40°21'4"= 9-8112196 



loga= 2*4549586 
Hence we find a = 285*0745. 

Ex. (2). Given a = 283*4, ' b = 348*5, A = 32« 15'. 
Z sin jB= log 6 + Z sin -4 -log a, 

log 348*5= 2*5422028 
Z sin 32° 15'= 9*7272276 

12*2694304 
log 283-4= 2*4523998 

Z8in.B= 9*8170306 
B=4l^(/ 36", or 138° 59' 24". 

This is an example of the anifnguotis case, so that there 
are two triangles with the given elements. 

If we take B=Al^ 0' 36" we have 

C=106<>44'24". 
Then log<?=loga + ZsinC-Zsin-4, 

log 283*4= 2*4523998 
Zsin 106« 44' 24"=Z sin 73^ 15' 36"= 9*9811940 

12*4336938 
Zsin 32^5'= 9*7272276 



log<?= 2*7063662 
Hence we find c = 508*588. 
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If we take B = 138<» 59' 24'', we have 

(7= 8«45'36". 

log 283-4= 2-4523998 
Xsm8M5'36"= 9-1826882 



11-6350880 
Xsin32M6'= 9-7272276 



logc= 1-9078604 
Hence we find 0=808836. 

Ex. (3). Given a = 15, & = 16, <?=17. 

Here *=i(15 + 16 + 17)=24, 

*-a=9, 8-h=%y 8-0=1. 

log 8= '9030900 log 24 = 1-3802112 

log 7= -8460980 log 9= '9542425 

1-7481880 2-3344537 

1-7481880 

2)-5862657 

•2931328 

,, A ,^.1-7481880 2-3344537 
itan — =10h ;i 

= 10 - -2931328 = 9-7068672. 
Hence we find 4= 26° 59' 3". 

Similarly we find ^=29° 48' 18", 

Hence -1= 900-^-|=33«12'39'^ 
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Examples. XI. 

1. Given a = 254, i? = 1 6^ C= 64« : find h. 

log 2-54= -4048337, L sin SG*'^ 99933515, 
log 7109 = -8518085, . L sin 16^= 9-4403381. 
log 711 = '8618696, 

2. Given a=274, ^ = 78^ 5=54°: find &. 

log 274 =2-4377506, Z sin 78^^=9-9904044, 
log 226-62 = 2-3552982, L sin 54<'= 9-9079576. 
log 226-63 = 2-3653174, 

3. Given a=^1000, J9=104«, C7=24<»29'20'': find &. 
log 12396 = 4-0932816, L sin 76° = 99869041, 
log 12397 =4-0933166, L sin 61^ 30'= 9* 8935444, 

X sin 5P 31' = 9-8936448. 

4. Given & = 55, <?=45, ^ = 6": find 5 and (7. 

L tan 87*^ = 11*2806042, L tan 62« 20'= 10-2804451, 
L tan 62*' 21'= 10-2807524. 

6. Given &=21, <? = 10-6, ^ = 36<^62'12": find B 
and (7. 

log 2= -3010300, Z cot 18" 26' 6" =10-4771213. 
log 16 = 1-1760913, 

6. Given &=426, <?=354, ^=49^16': find B and (7. 
log 78 = 1-8920946, L cot 24^38'= 103386231, 

log 72 = 1-8573325, Z tan 1 1« 22' = 9*3032609, 
Ztanll«23'= 9*3039143. 

7. Given 6 = 100, c = 60, A = 42« 30' ; find B and C. 

log 2 = -3010300, Z tan 32« 44' = 98080829, 
Z cot 2m6'= 10-4101868, Z tan 32" 45' = 9 8083606. 
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8. Given &=82471, <?=63529, A=VJ^W: find B 
and a 

log 18942 = 4-2774258, L tan 6S<^ 25' = 10*4027530, 

log 146 = 2-1643529, -Z tanl8<>9'20"= 95157731, 

L tan 18^9' 30''= 9-5158442. 

9. Given &= 3754001, 0=3277629, ^ = 57*53'16"-8: 
find B and (7. 

log 703163 =5-8470561, Z cot - = 10-2572497, 

log 47637-2=«4-6779462, Z tan 6« 59' 2"-4 = 90881398. 

10. Given &=5 75, c=4-5, -4 = 48'»20': find J9, C, 
and a, 

log 1-25 = -0969100, Ztan65«50' =103480258, 

log 4-3486= -6383382, Z tanl5«12'16"= 94342119, 

log 4-5 = -6532125, Zsin4&«20' = 98733352, 

log 10-25 =1-0107239, Z sin 60* 37' 44" = 98882095. 

11. Given a = 528, & = 252, ^ = 124^34': find B 
and a 

log 252 = 2-4014005, Z sin 65<> 26' = 99156460, 

log 528 = 2-7226339, Z sin 23« 8' = 9*5942513, 

Zsin23<»9' =95945469. 

12. Given a =120, 6=80, ^ = 60'>; find i?, C7and(?. 
log2 =-3010300, Z sin 35« 15'= 9*7612851, 
logs =-4771213, Z sin 35« 16' «. 9-76 14638, 
log 1-3797 =-1397847, Z sin 84« 44'= 99981626, 
log 1-3798 = -1398161, Z sin 84" 46' = 99981 743. 

13. Given a =21-217, 6 = 12543, ^ = 29«51': find ^ 
andC7. 

log 21217 = 4-3266840, Z sin l7<^6'40"=9-4686806, 
log 12543 = 4-0384014, Z sin 17<> 6' 50"= 9-4687490, 
Z sin 29° oV ^^*<c»^<c.^^Arv . 
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14. Given log a=*97l7973, log &= '8929345, 

^ = 70« 1 2' 10" : find B, C, and log c. 
L sin W 12' 10'' = 9-9735422, L sin 68^ 6' 30" = 99289325. 
Z sin 51*> 41' 20" = 9*8946794, 

15. Given a =36, &=44, -4 = 32«42'; find 5 and CI 
log 3= -4771213, Z sin 32® 42' = 9-7325870, 
log 11 = 1-0413927, L sin 41« 19' = 9-8196888, 

Z sin 41<' 20' = 9-8198325. 

16. Given a =10, & = 15, Z sin -4 = 9*5228787, 

log 3 = -4771213: find J9. 

17. Given a = 222, & = 318, c = 406: find ^. 
log 473 = 2-674861 1, log 251 = 2*3996737, 

log 406 = 2-6085260, Z cos 16<> 28'= 9-9818117, 
log 318 = 2-6024271, Z cos 16<>29'=9-98l7744w 

18. Given a=ll, & = 13, c=16: find all the angles, 
log 2--3010300, Z cot 21031'= 10-4042321, 
log"3 = -4771213, Z cot 2 1® 32'= 10-4038620, 

log 7 = -8450980, Z cot 41° 35' = 10*0519190, 
Z cot 41® 36'= 10-0516645. 

19. Given a =25, &=26, c=27: find all the angles, 
log 35 = 1-5440680, Z tan 28<> 7' 30" = 9-7279568, 
log 3= -4771213, Ztan2S<>7'40" =9*7280074, 

Z tan 31<> 56' 50" = 97948986, 
Ztan31<»57' =9*7949455. 

20. If the angles of a plane triangle be in Arithmetical 
Progression, and the greatest side be to the least as 5 is to 
4, find all the angles. 

log 3 = -4771213, Z tan W 53' 30" = 9*2842475, 
Z tan lO** 53' 40"= 92843610. 
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XII. Heights and Distances, 

1 14. We have already in Arts. 38. . .45 considered some 
of the cases which properly belong to the present Chapter ; 
and the student is aavised to read those Articles again 
before proceeding to the additional investigations which 
we shall now give. 

1 16. To find the height of an inaccessible object placed 
on a hill. 




Let P be the top of the object, PQ its height; let A 
and B bo two points in a horizontal plane, such that 
P, Q, A, B are all in the same vertical plane. Let PQ 
produced meet BA produced at C At A observe the 
angles PAC and QaC\ at B observe the angle PBG; 
and measure AB, 

The angle APB=PAC-PBG, and is therefore 
known. 

^, AP sin PB A 

AB sm APB ' 

., - .-, ABsmPBA 

therefore AP = — -. — -. yrw— • 

sm APB 

The angle PA Q = PA C- QA G, and is therefore known. 
The angle PQA = QGA + QAG=QO^-hQAGy&nd is there- 
foreknown. 

PQ_ Bin PAQ 



Then 
therefore PQ = 



PA s'mPQA' 

PA sin PA Q ^ 
BinPQA ' 
tiius PQ IB known. 
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Also CQ may be found, if required. For we may find 
AC from the triangle PAC, and then CQ from the triangle 
ACQ. Or we may find PC from the triangle PAC, and 
then by subtracting PQ we have CQ, 

116. To find the distance between tzDO inaccessible 
points which are visible from two accessible points. 




Let P and Q be the inaccessible points; A and B the 
accessible points, from which P and Q are visible. 

We will first suppose all the four points to be in the 
same plane. 

At A observe the angles PAQ and QAB; at B ob- 
serve the angles PBA and QBA ; and measure AB. 

Then in the triangle APB, the side AB and the angles 
PAB and PBA are known; thus PA can be found. 
Again, in the triangle ABQ, the side AB and the angles 
QAB and ABQ are known; thus AQ can be found. 
Lastly, in the triangle PAQ, the sides AP and AQ and the 
angle PAQ are known; thus PQ can be found. 

If the four points are not all in the same plane the only 
difference is that we must observe the angle PAB as well as 
the angles PAQ and QAB; for now the angle PAB will 
jioi be equal to the sum of the angVca PAQ Mi^ QAB. 
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117. Suppose that in the figure of the preceding Ar- 
yde we know PQ and wish to determine AB without 
measurement, having observed the same angles as before. 
We may adopt the following method : 

sm APB ' 
.^ AB^m QBA 
^^~ s,mAQB ' 
and, by Art. 106, 

P(^=AP*+AQ^-2AP . AQ cos PAQ : 
therefore 

^ (sm^APB sm^AQB 

28inPig^ sin Q BA cos PAQ ) 
smAPBsiaAQB )' 

From this formula we can determine AB, since PQ and 
all the angles whidi occur are known ; but the formula is 
not suited for the application of logarithms. Hence the 
following method is practically better: 

Suppose a second figure similar to ABQP and denote 
it by abqp ; then we shall have 

AB ^db 
PQ'p'q' 

Hence assume any value for ah, and calculate pq from 
the observed angles by the method of Art. 116; then find 
AB from the relation just given. 

118. The problem in the next Article is of practical 
importance for military and other purposes. It may bo 
necessary to know the distance of a station from some in- 
accessible objects; by the aid of a good map the distances 
of three prominent objects from each other may be ascer- 
tained, and then by observing angles and by calculatlaxsL'^*?^ 
can determine the distance of aataX\oii^TQ"«v*QaKaRi O^^^^s^s^ 
Tbia we shall now shew. 
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119. Given the distances of three points from each 
other ^ to find their distances from a station in the same 
plane with them. 




Let A^ B, (7 denote the three points, so that AB, BC 
and CA are all known. Let the angles which AB and BG 
subtend at the station be observed. At the point A make 
the angle CAD equal to the observed angle at the station 
subtended by BC\ and at the point C make the angle 
ACD equal to the ol^erved angle at the station subtended 
hj AB, Describe a circle round the triangle ACD^ and 
produce DB to meet the circumference again at S. Then 
/S' will denote the station. 

For the angle J5>S'C'=the angle CAD, and the angle 
BS A ^i\iQ angle ACD:^ by Euclid iii. 21. Hence the 
angles subtended at S by BA and BC are equal to the 
angles observed at the station ; and therefore S denotes 
the station. Thus SA, SB and SC represent the three 
required distances : and we shall now shew how they may 
be calculated. 

In the triangle ADC the side ^(7 and the angles CAD 
and ACD are known; thus AD can be foimd. In the 
triangle ABC all the sides are known ; thus the angle 
BAVcBji be found. Hence the angle BAD is known. In 
the triangle BAD the sides AB and ADy and the angle 
BAD are known; thus the other angles can be found. 
Hence the angle ABS is known. In the triande ABS the 
side AB and the angles ASB and ABS qxq Kxvo^ncL\ ^\]a 
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the sides SA and SB can be found. In the triangle ASG 
the sides AG and ^^S' and the angle ASG are known; 
thus the side SG can be found. 



120. In some problems the directions of straight lines 
are indicated by the terms used in the Mariner' % Compass^ 
which we will now explain. 




The circumference of a circleis divided into 32 equal parts. 
Thus there are 32 Points, which have the names indicated 
in the figure, where N. S. B. and W. stand for North, 
South, East, and West respectively. The angle between 

two adjacent points is -^ , that is 11 J®. 

Hence we can readily determine the angle between 
straight lines drawn in directions whicl\ «jc^ \Si^'5aXfc^>s^ 
these names. For example, ii one o\>^^cX. ^^^'v^^ ^^. ^ 
an vbserver and another E.S.E. tYi© ^Tk^^\i^\w<&^^s^^'^^'«^'^^K^ 
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lines drawn from the observer towards these two objects is 
6xlli«,thatis67i*. 

121. The earth is known to be very nearly spherical in 
shape, guppose that from any point above the earth's 
surface straight lines are drawn to touch the earth. Then 
neglectin;^ the inequalities of the earth's surface these 
straight lines will touch the earth at points which lie in the 
circumference of a circle. This circle touches the portion 
of the earth's surface which is visible to a spectator at the 
point from which the straight lines are drawn, and is called 
the terrestrial horizon of the spectator. 




Thus let denote the centre of the earth, P a point 
above ttie surface, PB 2k straight line drawn from P to 
touch the surface at B : then jS is a point on the horizon. 
Draw PC at right angles to PO in the same plane as B 
and 0\ then the anjgle CPB is called the dip of the hori- 
zon at P, 

Let OP cut the surface of the earth at A, Let the 
angle BPC be denoted by B. The following relations hold : 

The angle BOP = BPC= 6, 
0P = 0Bsec6, 

AP = OP-OA=^OA{sec0-l) = ^'^^^''^^^\ 
^ ' cosd ' 

'nn /\T%L A AP COS 0, - AP sin 6 

PB=^OBtfaOiB=- ^ tan^= ^r^ ^ 

1-cosd 1-cosd 
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These relations are useful in solving problems relating 
to the dip of the horizon, and the distance of the horizon. 

A formula which depends only on Geometry may be 
conveniently noticed here. We know by Euclid iii. 33 
that 

P3*^PA{PA-^^0A)\ 

now in all cases which can occur in practice PA is ex- 
tremely small compared with 20Ay so that we have very 
approximately 

PB^=2PA.0A, 

The number of miles in OA is about 4000; let n 
denote the number of miles in PB : then the number of 
feet in PA 

~ 2 X 4000 X 5280 "" 800 " 100 ~ 3 ^ nearly. 

2 
Thus if w=l we have A = ~ of a foot =8 inches nearly ; 
o 
2 
if w=2 we have A= - of 4 feet = 32 inches nearly. 

o 

The surface of still water though apparently plane is 
really curved ; and it appears from the above calculation 
that an object less than 8 inches above the surface of still 
water will be invisible to an eye on the surface at the 
distance of a mile. 

122. The term angle of depression sometimes occurs in 
problems of heights and distances: in such cases the spec- 
tator is supposed to be at a point P above the surface of 
the earth, and the angle of depression of any point is the 
angle between the straight line PC and the line drawn 
from P to the point, which is somewhere below PC. 
Similarly to a spectator at P the angle of elevation of a 
point is the angle between PC and the straight line drawn 
from P to the point which is somewlvexQ ofcote PO* 
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Examples. XII. 



1. The angles of depression of the top and bottom of 
a column observed from a tower 108 feet high are 30® and 
60^ respectively : find the height of the tower. 

2. At the foot of a moimtain the elevation of its 
summit is found to bo 45^ After ascending for one mile, 
at a slope of 15®, towards the summit, its elevation is found 
to be 60®. Find the height of the mountain. 

3. A and B are two stations on a hill side; the in- 
clination of the hill to the horizon is 30®; the distance 
between A and B is 500 yards. C is the summit of another 
hill in the same vertical plane as A and B, on a level with 
-4, but at B its elevation above the horizon is 16®. Find 
the distance between A and (7. 

4. A ship which is known to be sailing due East at 12 
miles an hour, was observed at noon to be 16® to the East of 
South ; at 1 h. 30 m. after noon the ship was seen in the 
South East: determine the distance of t^e ship when first 
seen. 

6. A person wishing to know the distance of a point C 
measures a stmight line AB, and finds it to be 100 yards ; 
he observes that the anjSfles BA G and ABC are respec- 
tively 5o®20' and 69® 30': determine the distance of (7 
from A, 

L sin 59® 30' = 9*9353204, log 93489 = 4*9707606. 
Z sin 67® 10' = 9-9645602, 

6. A person standing on the bank of a river observes 
the elevation of the top of a tree on the opposite bank to 
be 61®; and when he retires 30 feet from the river^s edge 
ho finds the elevation to bo 46® : find the breadth of the 
rj'rer. 
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Z sin 46'' =9-8569341, log 3 = -4771213, 

L gin 39^=97988718, log 1*55823 = -1926316. 

Zsin 5' =8-9402960, 

7. From the top of a liill I observe two milestones on 
the level ground in a straight line before me, and I find 
their angles of depression to be respectively 6® and \h^\ 
find the height of the hill. 

Zsin 5*'= 8-9402960, log 12990 = 4-1136092, 

Z sin 10^=9-2396702, log 12991 =4-1136426. 

Zsinl6«=9-4129962, 

8. A tower is situated on the top of a hill whose angle 
of inclination to the horizon is SO**; the angle subtended 
by the tower at the foot of the hill is found by an observer 
to be 15®; and on ascending 485 feet up the hill the tower 
is found to subtend an angle of 30**: find the height of the 
tower and the distance of its base from the foot of the hill. 

log- 3= -4771213, log 280015 = 2-4471813. 

log 485 = 2-6857417, 

9. ABGD is a rectangular piece of water the dimen- 
sions of which are required, but on account of the nature 
of the ^ound the onlv measures which can be taken are 
the an^es that BG subtends at A^ and at a point P which 
is 220 feet from A in BA produced, the former being 7 1*' 
and the latter 55®. Find the length and breadth of the 
rectangle. 

Z sin 16^=9-4403381, log 22 = -3424227, 

Z sin 55®= 9-9133645, log 2-12858 = 3280900, 

Z sin 71'= 9-9756701, log 618186 = -7911193. 
Z cos 71"= 9-5126419, 

10. In a survey it is found necessary to continue a 
straight line AB past an obstacle, which, frovxv vt-^ Vsssssi^^ 
hinders the view of the parts \)e^'0\\d. k ^\»x^\^cii^'^^'^ ^^ 
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is therefore measured at right angles to AB^ and from the 
point D straight lines Z>P, DQ are drawn which clear the 
obstacle ; the angles BDP and BDQ are found to contain 
41^ and es** respectively, the distance BD being 180 yards. 
Determine the lengths which must be set off along DP 
and DQ to ensure that PQ shall be in the prolongation 
of^^. 

L cos 41°= 9-8777799, log 1*8 = '2552725, 

L sm 22° == 9-5735754, log 2*38502 = '3774920, 

log 4-80504= 6816970. 

11. A ship of a blockading squadron lies 4 miles to 
the South of a narbour, and observes that a ship leaves the 
harbour in a direction E. 30° S. If the blockading ship 
sails 12 miles an hour, in what direction must she go so aa 
to cross the course of the other ship in three quarters of aa 
hour? 

L sin 22° 38'= 9-5852716, log 2 = '3010300, 

L sin 22° 39' = 9-58j6745, log 3 = '4771213. 

12. The courses of two ships are N. and E. and their 
rates of sailing are equal; the bearing of the former with 
respect to the latter was E.N.E., but after each had sailed 
four miles the bearing was N.N. W. : determine the- distance 
between the ships at the time of the first observation. 

13. "While sailing S.W. I observe two ships at anchor, 
one N.N.W., and the other W.N.W. Alter running^ 
6 miles these ships are seen N. and N.W. respectively. 
Determine their bearing and distance from each other, 

14. A ship sailing out of harbour is watched by an 
observer from the shore ; and at the instant she disappears 
below the horizon he ascends to a height of 20 feet, and 
thus retains her in sight 40 minutes longer. Find the rate 
at which the ship is sailing, assuming the Earth to bo a 
sphere of 4000 miles radius. 
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15. An observer from the deck of a ship 20 feet above 
the level of the sea can just see the top of a distant light- 
house^ and on ascending to the masthead, which is 60 feet 
above the deck, he sees the door which he knows to be one- 
foarth of the height of the lighthouse above the level of 
the sea. Find his distance Irom the lighthouse and its 
height, assuming the Earth to be a sphere of 4000 miles 
radius. 

16. Two observers in the same horizontal plane sta- 
tioned at a distance of 200 yards from each other observed 
the altitude and bearing of the top of a tower; to one of 
them the altitude was 60® bearing 8. W., and to the other 
the altitude was 45® bearing W.: find the height of the 
tower. 

17. A flag staff a feet high on the top of a tower is 
seen from a certain point in the horizontal plane on which 
the tower stands to subtend at the eye of tne observer an 
equal angle {A) with the tower itself. Shew that th& 
height of the tower = a cos 1A, 

18. A person walks a yards from Aio E along AB 
the side of a triangle AGB, and observes the angle 
ACE=6\ a^n he walks h yards from B to F along the 
side BA and observes the angle CFB also =3; the whole 
distance AB being c, solve the triangle ABC, 

19. The angular elevations of the top of a tower are 
observed to be a, /3, y at the stations A, By C respectively ; 
the stations are in a horizontal straight line, the direction 
of which does not pass through the tower ; the distance 
from ^ to ^ is p, and from B to C is q, and B is between 
A and C: shew that pcot^y+qcova is greater than 
{p-hq)Q0t% 

20. The altitude of a cloud was observed to be a, and 
that of the sun in the same direction to be p, and the 
distance of the shadow of the cloud from the sttition of the 
observer was found to be c feet: shew that Uie height of 

the cloadTn>s ^?°°"°f feet 
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In solving the following Examples the Tables will be 
required ; 

21. From a window it is observed that the angle of 
elevation of the top of a house on the opposite side of the 
street is 29^ and the angle of depression of the bottom of 
the house is 56° ; determine the height of the house, sup- 
posing the breadth of the street to be 80 feet 

22. The elevations of two mountains in the same 
straight line with an observer are 9*^30' and 15^20' : on ap- 
proaching four miles nearer they have both an elevation of 
37^. Find the heights of the mountains in yards. 

23. P and Q are two inaccessible objects ; a straight 
line AB in the same plane as P and Q is measured and 
found to be 280 yards; the angle PAB is 95®, the angle 
QAB\s> 47^30', the angle QBA is 110^ and the angle PBA 
is 62*' 20'. Determine the length of PQ. 

24. A,B,C are three objects at known distances apart ; 
namely -4i?=1056 yard-*, ^(7=924 yards, and CJ5=1716 
yards. An observer places himself at a station S from 
which G appears directly in front of A, and observes the 
angle CSB to be 14' 24'. Find the distance CS. 

25. -4, B, Care three objects at known distances apart ; 
namely ^5 = 320 yards, -4C=600 yards, BC= 435 yards. 
From a station /^ it is observed that ASB=15% and 
BSC==Z(f, Find the distances of S from Ay 5, and C; 
the point B being nearest to S, and the angle ASC being 
the sum of ASB and BSC. 
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XIII. Oeometrtcal Solutions, 

123. The present Chapter will consist of Geometrical 
Solutions of some Trigonometrical Problems. 

124. To construct an angle with a given sins or. 
cosine. 

Suppose we require an angle the sine of which is a 
given quantity a. 




Describe a circle with unity for its diameter, and draw 
any diameter AB of this circle. With centre £, and 
radius equal to a, describe a circle; let C be one of the 
points where the circumferences of the two circles inter- 
sect: join AC and BC 

Then ACB is a right angle, by Euclid ni. 31 ; and 

therefore the sine of BAC is -j^, that is a. Therefore 

^ui(7 is such an angle as is required* 

If we require an angle the cosine of which is a given 
quantity a, then, the same construction may be made; and 
ABC will be such an angle as is required. 

126. If an angle is required to have a given cosecant^ 
then since the cosecant is the reciprocal cf the sine the 
angle must have a known sine, and therefore ixka.^ \^ Vs^s&.^ 
by the preceding Article* 
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Similarly, if an angle is required to have a giyen secant 
or a given versed sine, the angle miust have a known 
cosine, and therefore may be found by the preceding 
Article* 

126. To construct an angle with a given tangent or 
cotangent. 

. Suppose we require an angle the tangent of which is a 
given quantity a. 

If the tangent of an angle is a the cosme is ■ .. a. |\ » 

and the sine is —rr^ — r\ • Therefore since these quanti- 

V(« +1) 
ties are known, we can construct the angle by Art 125. 
Or we may proceed independently thus : 




Take a straight line AB the length of which is unity; 
draw BC at right angles to AB and equal to a, and jom 
PA. 

BC 
Then the tangent of BACIb-j^, that is a. Ther^ore. 

^^C7 is such an angle as is requ^ed. 

If we require an angle the cotangent of which is a given 
quantity a, then the same construction may be made; and 
.4 CLS will be such an angle as is required. 
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127. To divide a given angle into two parts fohich 
shaU have their sines in a given ratio. 

Let BAG he the gtven angle, and let it be required to 
divide it into two parts, such that the sine of one part may 
be to the sine of the other as 9it is to n. 

Draw a straight line E^P parallel to AB, and at a 
distance m from it; draw a straight line LP parallel to 



ACf and at a distance n from it. Let P be the point of 
intersection of these straight lines ; join AP, Then AP 
shall divide the angle BAG in the required manner. 

For draw P-afaTperpendicular to AB, and PN perpen- 
dicular to ^C7. Then 

BOi PAB = —r^=r = —rr=:l 
AP AP' 

8mP^C=^=^; 



therefore 



sin PAB _ fn , n m AP _m 
Bin Jt^AO" AP ' ^P~ AP^ n -a^ 

n— •t 
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128. To divide a given angle into two parts which 
ah/ill have their cosines in a given ratio. 




Let BAChQ the given angle, and let it be required to 
divide it into two parts, such that the cosine of one part 
may be to the cosine of the other as m is to n. 

On AB take AM-m^ and on ^C take AN=n\ draw 
MP at right angles to AB^ and NP at ri^ht angles to 
AC, Let P be the point of intersection of wiese straight 
lines ; join AP, Then -4P shall divide the angle BACm 
the required manner. 

■ra Tk A-n AM m 

For cos PABr^-^ = -^', 

therefore i ' 

cos PAB _ m ^ n _ m AP _m 
Q,Q^PAC~ AP' AP" AP^ n " n' 

If the point P does not fall within the angle BAC, we 
conclude tnat the angle cannot be divided into two parts in 
the proposed manner. 

129. To divide a given angle into two parts which 
shall have their tangents in a given ratio. 
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' Let ^-4 67 be the given angle, and let it be required to 
divide it into two parts such that the tangent of one part 
may be to the tangent of the other as m is to n. 




Take any straight line MN, and divide it at 2> so that 
DM may be to DNsa m is to w. On MN describe a 
segment of a circle containing an angle equal to the afigle 
BAG; draw DE at right angles to MN meeting the 
circumference at E. Join EM and EN Then ED shall 
iivide the angle MEN in the required manner. 



For tan DEM = 



DM 
DE' 



tajiDEN= 



DN 
DE' 



therefore 



tan DEM ^ DM . DN^ DM ^ m 
isLJiDEN DE ' DE DN n 



At the point A, in the straight line AB, make the 
mgle PAB equal to the angle DEN; then PAC is equal 
to DEM: aaaAP divides the angle BAG in the manner 
required. 

130. To divide a given angle into two parts which 
thall have their cotangents in a given ratio. 

This may be solved as in the last Article. For with 
;he notation there used we have 



jherefore 



cot DEM= ^; cot DEN 
DM 

cot DEN DE 

cot DEM'^ DN' 



DE 
DN' 
DE JD^l m 
DM" DN" u' 
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131. By the aid of a problem in Eadid we can find aif 
expression for the Trigonometrical Ratios of an angle of 
18*, as we will now shew. 




In Euclid iv. 10 the following result is obtained: 

ABD is a triangle in which ^^=u42>, and Cis a point 
such that AB, BG=AG^ ; and AC=BD : then each 6f the 
angles at B and D is double the angle at A, 

Hence the angle at ^ is the fifth part of two right 
angles, and therefore contains 36^ ; and each of the angles 
at B and D contains 72^ 

Draw AM perpendicular to BD \ then the angle BAM 
contains 18®. 



Since AB . BC=AC^, we have 

AB{AB-AC)=A(P; 



thus 



AB'^AB ^ "• 



By solving the equation we obtain 
AG_^^l±^/5 
AB" 2 ' 

and we must take the upper sign, for ^^ is a podtive 

quantity. Thus 

AG_ ^/5~1 
AB^~%^' 



AG 



COS' 
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Now nml^-^K^"^ BD__\ AC ^6-1 

Hence we may deduce the values of the other Trigone- 
tnetrical Ratios foran angle of 18^ For 

s* 18<^= 1 - sin* 18*^= 1 - ^^^^Y 

6~2V5 _ 10 + 2J5 
16 16 ' 

therefore cos 18^ = ^^^n^) . 

4 

And so on for the other Trigonometrical Ratios of 18\ 

Again, draw C7i\r perpendicular to AB. 

AN 
Then cos36®=-t^; 

and AN=ND^ for the triangles -^CiVand DCNtate equal 
in all respects; thus ^ 

cossfio-l 4P - _JL_ _ __U/5±_1) 

^'*^""2^C7-" ^5-l~(V5-l)(V5 + l) 

_ n/5 + 1 

"" 4 • • • 

Or we may obtain this result without recurring agaifi to 
the figure. For, by Art. 35, 

V5 + 1 ■ 

— r~* ■ ■ . 

Then 8^36*= V(l-co8*3g')= -J^^^-^-J^l . 
And so on for the other TrigOTiota«\3n.caSL'&a!o»& tjl%<^ > 
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Examples. XIII. 

1. A certain angle is equal to four times its comple- 
ment : determine the angle. 

2. The sine of one angle is equal to the cosine of ano- 
ther; and the number of degrees in one is three-fifths of 
the number of grades in the other : determine the angles. 

3. Construct an angle whose tangent is four times its 
sine. 

4. Divide a given angle into two parts, so that the sine 
of one part may bear a given ratio to the cosine of the 
other part 

6. Shewthat ^,^"^^^^ =tan^tan^. 
cot -4+ cot -^ 

6. Shew that the area of any quadrilateral fififure is 
equal to half the product of the two diagonals into the sine 
of the angle between them. 

7. In the ambigtwm case when a, b and A are given, 
shew that the difference of the squares of the two values of 
the third side is 46 cos -4 fJia^-b* sin*^). 

9. If sinuisinjS=sinasini3, cos ^ cos ^= cos a cos i3 
and cos*-4+cos2J5-cos*y=l ; 

then sin2a+sin2/3=sin*y. 

10. If cos «= n sin a, and cot ^ = sin a cot /3, then 

^ l+n*cos^a' 
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11. If cosec* B=m tan B and sec^ ^ = w cot dy 
then {mnf = {^Jm+,Jn)\ 

12. A rock is observed from the deck of a vessel to 
bear N.N.W.; and after the vessel has sailed 10 miles in 
the direction E.N.E. the same rock bears due W. Find 
the distance of the rock from the observer at the time of 
each observation. 

13. AOa horizontal ; AB, CD are two vertical towers. 
The angle of elevation of D observed at ^ is cz, and observ- 
ed at jB is i3 ; and AB=h, Find AC and CD. 

14. If a =10, &=8, c=12, find the angles: 
log 2 = -3010300, L cos 41' 24' = 98751256, 
log 3= -4771213, Z cos 41' 25' = 9-8750142. 

15. If a= 1, & = 7, c= V(58), find the angles : 
log 2 = -3010300, L sin 32" 18'40" = 9-7279609, 
log 7 = -8450980, L sin 32® 18'60" = 9*7279942. 

16. A straight line CD subtends an angle a at a point 
A and also at a point B ; and CA is at right angles to BD : 
shew that AB=^ CD cot a. 

17. If cos ^ = tan X cot a, cos<^=tanXcot)3, and 
sec ^ sec (^= sec X tan B tan (^— tanatan)3; 

then cos' X = cos* a cos' )3. 

18. Find sin A and sin B from the equations 
a sin' J + 6 sin'^=(?, a sin 2A =b sin 2B. 
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XIV. Properties qf Triangles. 

132. The {>resent Chapter will contain some misoella- 
neous propositions chiefly relating to properties of tri- 
angles. 

133. To find an expression for the area qfa triangU 
in terms of the sides. 

If h and c denote two sides of the triangle, and A the 
included angle, the area is ^ ^ sin ^ bj Art 47. Now by 
Art. 108 

6in^ = ^^/{*(*-a)(*-&) (*-cH; 

therefore the area of the triangle= Jisis-a) {s-b) (*-<?)}. 
By the same Article, we have the area of the triangle 

It is usual to denote by S the expression 
^{s(s-a){s-b){s^e% 
or JV(2ftV+2c2a«+2a26»-a*~6*-<J*). 

134. To find the radius qf the circle inscribed in a 
triangle. 
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Let ABC be a triangle; and let be the centre of the 
circle inscribed in the triangle, and touching the aides at 
the points i>, E, and F. Join OD, OE, and OF. 

Let r denote the radius of the circle. Then 
the area of the triangle BOC=i EC. OD=-^y 

the area of the triangle COA=\ CA . OE^-- ; 

the area of the ixmi^eAOB=\AB.OF=~: 
therefore, by addition 

— 2 — r=the area of the triangle ABG 

=/Si by Art, 133, 
that is 8r=S. 

Therefore r=-. 

8 

The radius of the inscribed circle is thus equal to the 
area of the triangle divided by half the sum of the sides; 
and various expressions can be obtained for the radius 
by employing the various expressions already given for the 
area of the triangle. 

For example 

^ Js{s^a){s-'b){s-c) /{s-a){s-h){s--c) ^ 
r= = ^ - , 

_ab sJnC _ ab ain C 
^ 2i a-v-b^o* 
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135. To find tJie radius of the circle which touches 
one side of a triangle and the other two sides prodticed. 

Let ABC be a triangle ; and let Oi be the centre of the 
circle which touches BG and the other sides produced. 
Let i>, Ey and F be the points of contact Join O^D, OiE, 
and OiF. Let n denote the radius of the circle. 




The quadrilateral OyBACmSij be divided into the two 

triangles O^AB, OyAG) therefore the area of this quadri- 

c 
lateral is rri+ - rj. Agam the same quadrilateral may be 

divided into the triangles OiBC and ABG; therefore the 

area of this quadrilateral is ^ r^ + S. Thus 



|n+|n=|n+/S'; 
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therefore - — -^ r^ = 8^ 

2 

that is {8-a)ri=8. 

Therefore ^i=r— ;.• 

Similarly let r, denote the radios of the circle which 
touches CA and the other sides i)rodaced; and let r, de- 
note the radios of the circle which touches AB and the 
other sides prodoced : then we shall find that 

_ S _ S 

A circle which touches one side of a triangle and th^ 
other sides produced is (»lled an escribed circle. 



136. Examples and problems are frequently given re- 
specting the inscribed and escribed circles of a triangle, 
which depend chiefly on the following geometrical facts : 

In the figure of Art 134 the straight lines OA, OB, 00 
bisect the angles A, B, G respectiyely, by Eoclid iv, 4. In 
the figure of Art 135 the stndjght line OiA bisects the 
angle A, the straight line OiB bisects the an^e FBD, and 
the straight line Oi C bisects the angle ECI), See notes 
on the fourth book qf Euclid. Thus the points A, O, and 
Oi are on one straight line, namely that which bisects tha 
angle .^. 

Let Oi denote the centre of the escribed circle which 
touches CA, then the points Oi, G, and 0, are on one 
straight line, namely that which bisects the angle BCE,. 
which is the supplement of AGB. 



The angle OBOl is a right ao^W 



110 



PROPERTIES OF TRIANGLES. 



1 37. To find the raditu of the circle described round 
a triangle. 




Let ABC he a triangle, and let be the centre of the 
cirde described round it. JDraw 02) perpendicular to BG; 
then BC is bisected at 2>, by Euclid iv. 5. Join OB and 
OC, Let R denote the radius of the drcla 

The angle BOOh double of the angle BAG, by Eadid 
m. 20; therefore BOD=A. 



And BD=RBmA = 

therefore R= 

By Art. 108) 8in^ = 

therefore R= 



2sin^* 

2^ 
be* 

dbc 



4S* 



sin^ 1 
We see that = r^ ; thus we hare, as stated in 



Art. 104, 



sin ^ _ sin J? _ sin C 1 
a " b " c ""2^* 
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138. To find the perimeter and the area qf a regit- 
lar polygon inscribed in a circle. 




Let O be the centre of a circle; let a regular polygon 
of n sMes be inscribed in the circle, and let AB be one ot 
^e sides. Draw OP perpendicular to AB ; and join 
OA, OB. 

Let r denote the radius of the circle. 

The angle AOB==^, 
n ' 

AB=2AP:=2AO«aiAOP=2r«m—. 

n 

The area of the triangle AOB=\AB. OP^AP . OP 

=^Osin^OP.^Ocos^OP=r38in— cos— . 

n n 

Or, by Art. 47, the area of the triangle 

r=.\AO.BO^TLAOB^%^^—. 
2 In 

The perimeter of the regular polygon = n . AB 
s2nrsin . 

The area of the r^ular polygon =n. triangle -4 0-ff 

. . 180^' 180* wr» . 360* 

=nr" sin — r cos = -j-sm-— -. 

n n 2 u 
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139. To find the perimeter and the area of a regular 
polygon described about a circle^ 




Let be the centre of a circle; let a re^ar polygon < 
n sides be described about the circle, and let ^i? be one. 
of the sides. Draw OP to the point of contact ; th^ OPj 
is perpendicular to AB, by Euclid in. 19. Join OAy OB. 

Let R denote the radius of the circle. 

360» 



The angle AOB= 



AB^2AP^20PUiiiAOP=2Risai 



180* 



1 



The area of the triangle AOB^iAB. OP=AP. OP 

=i2«tanM\ 
n 

The perimeter of the regular polygon =». -45 

o r>* 1^^ 
= 2/2ictan . 

n . 
The area of the regular polygon=» . triangle AOB 

=nJS'tan — :-. 
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140. The expressions fonnd in the two preceding 
Articles may be applied in yarions ways. 

Thus in Art. 138 we have 

^.5=2rsin^^^; 
n ■ 

AB 180* 

r= - - cosec : 

2 n 

tiiis determines r when AB is giyen. 
Similarly, from Art. 1C9 we have 

ic=-7r-cot : 

2 n i 

this determines R when AB is given. 

Again, suppose a regular polygon of n sides to be in^ 
scrib^ in a circle, and another regular polygon of n sides 
jto be described about the same circle : then 

. 180« 

sm 

side cf inscribed polygon _^ ^ _ :j con ^^^ - 
side of circumscribed polygon . 180*^ "^ n ' 

, 180* 180* 
area of inscribed polygon _ n n 

area of circumscribed polygon "" ^^ 180^ 



n 



,180* 
n 



The second of these two ratios might also be deduced 
from the first by Euclid vi. 20. 
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Examples. XIV. 

1. Shew from the figure in Art. 134 that 

r(cotJjB+coti(7)=a. 

2. Shew from the figure in Art 135 that 

ri(tanijB+tani(7)=a. 

3. Find the radius of the circle inscribed in an equi- 
lateral triangle. 

4. Find the radius of the circle described about an 
equilateral triangle. 

5. The sides of a triangle are 68, 75, and 77 ; deter> 
mine the area, the radius of the inscribed circle, and tiie 
radius of the circumscribed circle. 

6. In a triangle a=:243 yards, 5=324 yards, ^3:405 
yards : find the area. 

7. Find the area of the triangle in which ««= 5 = 1864, 
c=2796. 

log 2 = -3010300, log 24668 = 3*3903698, 

log 932=2-9694169, log 24569 = 3*3903875. 

8. Find the area of the triangle in which (t=942, 
&«812, <?=1270. 

log 7 = -8450980, log 1512 = 31795518, 
log 57?= 1-7558749, log 3*82094 ='5821700, 
log 242 = 2*3838154. 

9. Shew that in the figure of Art. 134 

cos i C 
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10. Shew that in the figure of Art. 135 

^ . ccosi-B ^ „ aco&hC 
* 8mi(7 ' 008^-4 

11. Shew from the figure in Art. 134 that AF=s-a, 
and 

r=(*— a)tan--. 

12. From the preceding result deduce the value of r 
in Art. 134. 

13. Shew from the figure in Art. 135 that AF=8, and 

ri=«tan— . 

14. From the preceding result deduce the value of Vi 
in Art 135. 

15. In the ambigitom casey when a, b and A are given 
shew that the circles circumscribing both triangles are 
equal in magnitude, and that the distance between their 
centres is 

^{a^cosec^A-¥). 

16. A tower is at right angles to a plane, and in the 
plane three points are found at which the tower subtends 
the same angle ; these three points are distant fr6m one 
another 123, 130, and 77 yards ; also in passing from each 
one to the others in straight lines the greatest angle which 
the tower subtends at the eye is 45^ Shew that the height 
of the tower is 14f yards. 



'^^^ 



U6 



ANGLES GREATER THAN 



XV. Angles greater than two right ah^tes. 

141. In practical applications of Trigonometiy it is 
not necessary to consider any angles except such as lie 
between zero and two right angles; and accordingly we 
have already explained, the principles of the subject witii 
sufficient generality for those who confine themselves to 
practical applications. But when Trigonometry is studied 
as a branch of theoretical mathematics it is found oonve* 
nient to extend the notion of an angle ; and this extensioa 
we shall now consider. 



142. Angles may he of any magnitude. 

Let BAD be any straight line, CAE a straight line at 
right angles to BAD. suppose a straight line AP to 
reyolre round one end A^ starting from the position AB, 
When AP coincides in direction with ACy the angle which 




has been described is a right angle ; when AP coincides 
in direction with AD, the an^e which has been described 
is two right angles; when AP coincides in direction with 
AE, the angle which has been described is three right 
angles; when AP coincides in direction with ^^, the 
angle which has been described is four right angles. Then 
2A AP proceeds through a second revolution, the angle 
deHcribed will be greater than four right angles. Thus if 
AP be situated midway between AB and AC^ the angle 
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between AB and AP will be half a right angle if AP be 
supposed in its first revolution ; the angle will be four 
right angles and a half if ^P be sunposed in its second 
revolution ; the angle will be eight rignt angles and a half 
if ^P be supposed in its third revolution ; and so on. 

143. The straight lines CAE and BAD form by their 
intersection four right angles ; these are csJled quadrants z 
BAG is called the first qiuxdrant, CAD the second 
quadrant, DAE the third quadrant, and EAB the 
fourth quadrant. Now suppose any angle formed by the 
fixed straight line AB and the moveable straight line AP ; 
if AP is situateMl in the first quadrant, the angle BAP is 
said to be in the first quadrant ; if AP is situated in the 
second quadrant, the angle BAP is said to be in the second 
quadrant; and so on. 

144. Angles may he negative. 

By a convention similar to that in Art 91, we distin- 
guish angles measured in one direction from angles mea- 
sured in the opposite direction. Let a straight une start 
from the position AB, and by revolving in one direction 




round A trace out the angle PAB, and let this angle be 
denoted by a positive number ; then if the straight une 
start from AB, and by revolving round 2I m the opposite 
direction trace out the angle P'AB, this angle may be 
denoted by a negative number. If, for example, each of 
the angles BAP and BAP' be one-third of a tI^^^wmj^^ 
iand we denote the former by a^\\\iei\s>JOwst -^i^XiR^^^^^^^'^*^ 
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146. In Art. 91 we distinguished by merfhs of positivd 
and negative numbers between the two directions in which 
distances may be measured along a fixed straight line from 
a fixed point. In like manner we may distinguish between 
the two directions in which distances may be measured 
aJong a second straight line at right angles to the former. 

Let BOB^y COC* be two straight lines which cut at 
right angles. Let P be any point in the plane which con- 



N 




P 






B> 


M B 



tains these two straight lines. The position of P will be 
known if we know the distance of P from each of the 
straight lines BB' and CC\ and also know on which side 
of each of these straight lines P is situated. Draw PM 
and PN perpendicular to the straight lines BB and CC^ 
respectiyely. We shall adopt the following conyentions: 
the distance NO or PM will be denoted by a positive 
number when P is above the straight line BB, and by a 
negative number when P is below the straight line Bjff\ 
the distance MO or PN will be denoted by a positive 
number when P is to the right of CC and by a negative 
number when P is to the /^ of CC\ 



146. 
Ratios. 



General definitions of ths Trigonometrical 



We can now give general definitions of the Trigonome- 
Inoa] Ratios which wiu apply to angles of ctn^ TQa^\.\vd<^ 



TWO BIGHT ANGLES. 

P PC 
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Let AB^ AC he two straight lines at right angles ; let 
a straight line turn round the point A from AB towards 
AC and oome into any position AP ; draw P-Jf perpendi- 
cular to AB or to Aj5 produced through A, Then consi- 
der AP as always positive ; consider AM as positive or 
negative according as Jtf is on the same side of AC as 
^ iSy or on the opposite side ; and consider PM as posi- 
tive or n^ative according as P is on the same side of AB 
as (7 is, or on the opposite side. Let the angle PAB be 
denoted by A ; then the Trigonometrical Batios of A are 
thus defined: 

. . PM ^ . PM - AP 

sm^=^, taii^=3;^, sec^=^j^, 

. AM ^ , AM , AP 

^^"^^AP^ ^^^^^^PM' ^^'^'^'PM' 

verai-4 = l-co8il, caveTftA=\-%vcLA, 
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147. We have therefore Trigonometrical EatioB for any 
positive anele whatever m^ be its magnitude ; and we 
have also Trigonometrical Ratios for any negatite angle 
by adc^ting the convention that the Trigonometrical Ratios 
for any negative angle shall be the same as they would he 
for what we may call the corresponding positive angle. 
Thns, for example, in the last figure we may consider BAP 

as a negative angle, the magnitude of which is — - ; then 

the Trigonometrical Ratios will be the same as for the 
angle formed by turning the moveable line^P in the posi- 
tive direction until it reaches the ^sition which it has in 
the figure ; so that the Trigonometical Ratios for tibe an^e 

-- ^ will be the same as for the angle 2t— ~ • 

3 3 

14a It follows immediately from the definitions that 
if two angles differ by four right angles or b]r any multiple 
of four right angles, the Trigonometrical Ratios of the two 
angles are the same. 

149. The relations established in Arts. 19 — ^23 between 
the Trigonometrical Ratios of angles not exceeding a right 
an^le will now be seen to hold universally between the 
Trigonometrical Ratios of angles of any magnitude. 

It wiU be sufficient for the student to satisfy himself 
that the following relations hold universally, as from these 
the others can be deduced: 

cos -4 sm^' 

. 8ec-4=^— -— 7, cosec-4=-^^ — -.: • 
cos A ' sm -4 * 

8inM+cos'-4 = l. 
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Examples. XV. 

Find all the angles between and 360^ which satisfy the 
follovnng twelve equations : 

1. sinU=^. 2. cosU^g. 

3. tan«-4 = 3. 4. sin2^= '^. 

6. cos2^=-2. 6. tan2^ = l. 

7. 2co8'-4+sin^ = l. 8. 28in'^ = 3(l + cos-4). 
9. tan«-4-4tan^ + l = 0. 10. tan^-cot-4 = 2. 

11. sin-4 = l-cos2-4. 12. cos^ = l + cos2J. 

. J 3. In any triangle, shew that 

Yera jB~b(b + c-a)* 
14. In any triangle, shew that 

cotf+cotf 2^ 



.A b-^-c-a' 

cot^ 

15. If a pomt be taken within a triangle so that the 
sides subtend equal angles at it, and a,P,yhe the distances 
of this point from the angular points of the triangle, shew 
ihat 

16. If a triangle be divided into any two parts by a 
straight line drawn from one of the angles, shew that the 
radii of the circles described about these two triang:le8 are 
in a ratio which is constant for all positions of thi^ ^.vd^i^*^ 
straight lino. 
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XYL Changes in the Ratios as the angle changes, 

150. In the present Chapter we shall trace the 
changes in magnitude and sign of the various Trigtmo- 
metrical Ratios as the angle changes from zero to four 
right angles. 

151. To trace the changes in the sine of an angle as 
tlie angle varies. 




Let BA& and CAC be two straight lines at right 
angles, and suppose a straight line AP of constant length 
to turn round one end A from the fixed position ABj so 
that P traces out the circle BCBC From any position 
of P draw PM perpendicular to BAH ; then 

%\iiPAB-^, 
AP 

When AP coincides with AB the perpendicular PM 
vanishes; thus when the angle is zero so also is its sine. 
While AP moves through the first quadrant PM is posi- 
tive, and continually increases until AP coincides with 
AC^ and then PM is equal to AP\ thus as the angle 
increases from to 90° the sine increases from to 1. 
While AP moves through the second quadrant PM is 
positive and continually decreases imtil AP coincides with 
AH^ and then PM vanishes ; thus as the angle increases 
from 90° to 180° the sine diminishes from 1 to 0. While 
AP moves through the third quadrant PM is n^;ative 
and increases numerically until AP coincides with AC ; 
thus as the angle increases from 180° to 270° the sine is 
negative and increases numerically from to — 1. While 
APmoym through the fourth qoadxant PM A& iie^iaikiyQv 
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and decreases numerically until AP coincides with AB ; 
thus as the angle increases from 270^ to 360^ the sine is 
negative and decreases numerically from - 1 to 0. 

152. To trace the changes in the cosine of an angle 

as the angle varies. 

AM 
With the figure of Art 151 we have cos PAB=-j-p. 

At first AP coincides with AB and then AM=AP^ thus 
when the angle is zero the cosine is 1. While AP moves 
through the first quadrant ^^ is positive and continually 
decreases until AP coincides with AG and then Am 
vanishes; thus as the angle increases from to 90^ the 
cosine diminishes from 1 to 0. While AP moves through 
the second quadrant AM S& negative and increases mu- 
mericaUy until AP coincides with ABf ; thus as the angle 
increases from 90® to 180^ the cosine is negative and in- 
creases nimierically from to -1. While AP moves 
through the third quadrant AM i& negative and decreases 
numerically until AP coincides with AC^; thus as the 
angle increases from 180° to 270° the cosine is negative and 
decreases numerically from —1 to 0. While AP moves 
tiirough the fourth quadrant AM is positive and continu- 
ally increases until AP coincides with AB ; thus as tlie 
angle increases from 270° to 360° the cosine is positive and 
increases from to 1. 

153. To trace the changes iti the tangent of an angle 

as the angle varies, 

PM 
With the figure of Art. 151 we have tan PAB^^j^ . 

At first AP coincides with AB, and then AM=AB ; 
thus when the angle is zero so also is its tangent. While 
AP moves through the first quadrant PM and AM are 

Sositive ; PM continually increases and AM continually 
ecreases until AP coincides with AC; thus as the angle 
increases from to 90° the tangent increases from with- 
out limit, so that by taking an angle sufficiently near to 90° 
we can make the tangent as great as we please; this is 
usually expressed for the sake of abbreviation thus : the 
tangent cf 90^ is infinite. While AP mo^«k%t3Kt^soi^*s5cfii 
aecond gaadrant PM ift poBitVvQ «eA AM. S& \iS5i^feK^^> 
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Pi(f continual!]^ decreases and ^itf increases numericaUy 
nntil AP coincides with A^ ; thus as the angle increases 
from 90^ to 180® the tangent is negative and decreases 
numerically from an indefinitely large value to zero. 
While AP moves through the third quadrant PM and 
AM are negative; PM increases numerically and AM 
decreases numerically until AP coincides with AC; 
thus as the angle increases from 180® to 270®, the tangent 
is positive and increases from without limit, so that by 
taking an angle sufficiently near to 270® we can make the 




tangent as great as wo please ; this as before is abbreviated 
thus : tJie tangent qf 270* is infinite. While AP moves 
through the fourth quadrant PM is negative and AMiB 
positive; Pitf continually decreases numerically, and AM 
mcreases imtil AP coincides with AB; thus as the angle 
increases from 270® to 360® the tangent is negative and 
decreases numerically from an indefinitely large value to 
zero. 

Similarly the changes in the cotangent of an angle may 
be traced. 

154. To trace ths changes in the secant of an angle 
as the angle varies. 

The changes in the secant of an angle may be traced by 
means of the figure in the same way as those of the 
sine, cosine, and tangent; or we may use the formula 

BecPAB= — 7i-rn» Mid infer the changes in the secant 
cos PAB* ** 

from the known changes in the cosine ; we will adopt the 

latter method. As the angle incredAe^ {xom<^tA^ii® tItiA 
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cosine diminishes from 1 to ; thus the secant increases 
from 1 ^thout limit, so we may saj the secant qf 90^ is 
infinite. As the angle increases from 90° to 180° the 
cosine is negative and increases numerically from to — 1 ; 
thus the secant is negative and decreases numerically 
from an indefinitely large value to -1. As the angle 
increases from 180° to 270° the cosine is negative and 
decreases numerically from - 1 to ; thus the secant is 
negative and increases numericallv from —1 to infinity. 
As the angle increases from 270° to 360° the cosine is 
positive and continually increases from to 1 ; thus the 
secant is positive and dmiinishes from infinity to 1. 

Similarly the changes in the cosecant of an angle may 
be traced. 

155. To trace the changes in the versed sine of an 
angle as the angle varies. 

Since vers-4 = l-cos^, as the angle increases from 
to 180° the versed sine increases from to 2, and as the 
angle increases fh)m 180° to 360° the versed sine diminishes 
from 2 to 0. 

156. Thus we see that the sine and the cosine may 
have any value between — 1 and + 1 ; the tangent and the 
cotangent may have any vahie between — oo and + oo ; 
the secant and the cosecant may have any value between 
— 00 and — 1 and between + 1 and + go . And it will be 
found on examination that no Trigonometrical Ratio 
changes its sign except when it passes through the value 
zero or the value infinity. The versed sine is always 
positive and may have any value between and 2. 

157. The student should carefully remember the signs 
of the Trigonometriod Ratios in the four quadrants : the 
following table exbR)its them. 



sine 


1st 

+ 


2nd 

+ 


3rd 


4th 


cosine 


+ 


- 1 - 


+ 


tangent 


+ 


-l-^ 


\ 
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EXAHPLES. XVL 

Trace the changes in the sign and value of the fbllowiog 
six expressions as A changes from to 360": 

I. sin^ + cos^. 2. sin^-008^. 
3. sinM. 4. cos«-4-sin»-4. 
5. sin^+cosec^. 6. tan ^+ sec -4. 

7. Find the least value of tan* ^ + cot* ^ when il 
varies. 

8. Find the least value of cos* ^ + 4 sec* A when A 
varies. 

9. ABCD is a quadrilateral figure which can be m- 
scribed in a circle : shew that A Csin A = BD sin B. 

10. Shew that the area of a regular hexagon inscribed 
in a circle is to the area of a regular octagon inscribed in 
the same circle as 3^ is to 2^. 

II. The sides of a quadrilateral figure taken in order 
are 135, 180, 150 and 125 feet ; and the angle contained by 
the first two is a right angle: determine the area of the 
figure. 

12. ABC is a triangle, and D is the middle point of 
BC: shew that 

13. Shew that in any triangle the length of the per- 
pendicular from A on the opposite side is equal to 

&*sin C-\-c^^mB 
b + c 
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14 Shflur &it in any triangle 

&2 sin 2-4 + a* sin 2B=2l>c sin A, 

15. Shew that the perpendicular from an angle of a 
triangle on the opposite side is an Harmonic Mean between 
the radii of the ac^acent escribed circles. 

16. If ^+^+C=180^ shew that 

vers A vers {B-\-C)= sin A sin {fi + C). 

With the notation of Arts. 134, 135, 136 establish the 
following results : 

18. . OA=(n+r.)secK=(;z^^^^^)j . 



19. 


r=*tan^tan|tan|. 


20. 


«-& 


' ,^ ,A' 
cot- -cot- 


21. 


00,^-^0,0,'='^. 


22. 


r.00i=0B.0a 


23. 


0A,00^=r4Rr. 



24. Perpendiculars are drawn from the angles of a 
triangle on tne opposite sides meeting at iT: shew that 

AK=2Rco&A. 
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XVII. Jieduction qf the angle. 

158. The object of the present Chapter is to shew that 
the Trigonometrical Ratios of any angle, positiye or n^;a^ 
tive, can be expressed in terms of the Trigonometrual 
Ratios of an angle less than a right angle. 

We shall require some preliminary propositioiw. 

159. To shew that 

sin(— ^)=:-8in2l, and coa{— A) =^co8 A, 




Let PAB be any angle; draw PM peimendicolar to 
the straight line BAB^', and produce it to P^so that MP' 
may be equal in length to MP, and join AP'. 

The angles P'AB and PAB are numerically equal but 
are measured in opnosite directions from AB*y let PAB 
be denoted by A, then P'AB wiU be denoted by -A. 
And 



sin^ = 



PM 
AP' 



8m(--4) = -jp7; 



now P'ilf is numerically equal to PM, but of opposite 
sign: thus 

8in(— -4)= — sin-4. 

/ ^N ^^ ^^ A 

Also C0S(--4)=-Vp>=^p=C08^. 
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160. Hence we have: 

. , .. 8m(— ^) — sin^i . - 

^ ' 8m(--4) -sin^ » 

vers(--4)=l-cos(--4)=l-cos-4=versA 

These results might also be obtamed directly from the 
fignres, as in Art 169. 

161. To shew that 

Bin(180'^+-4)= -sin J, and cos(180'+-4)= -cos-4. 




^:l J^ 







Let PAB be any angle; produce PA to P' so that 
AP' majbe equal in len^h to AP: draw Pitf'and P'M'y 
pjerpendicular to the straight line BAB\ 

Let the angle PAB be denoted by A, then the angle 
P^AB measured in the same direction from A will oe 
denoted by 180®+ -4. And 

PM P'M' 

8in^=^, Bin(18a«+^)=^, 

co8^=^, cos(180«+A>^^,, 
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P p 




The triangles PAM and P'AM' are geomeiirically 
equal in all respects ; thus PM and P^M' are numerical]? 
equal, but they are of opposite sign : also AM and Am' 
are numerically equal but of opposite sign. Thus 

8in(180« + -4)= -sin^, co8(180«+-4)= -cosul. 

162. Hence we have : 

X /,o^A AS sin (180® + ^) -sin -4 . . 

^ ^ sm(180®+-4) — sm-4 * 

sec(1800.f^)c. ^^^^^/^,^^^ = ::^=-sec^; 

cosec(180^4-^) = ^^(^3^^o^^) »3^ = --cosec^; 

ver8(180»+^)=l-cos(180<>+-4)=l+co8^ 

= 2— vers ^. 

Those results might also be obtained directly from the 
figures as in Art. 161. 

163. We can now demonstrate the statement made in 
Art. 168. 

By the formula in Arts. 159 and 160, we can express 
the Trij^nometrical Ratios of a negative angle in terms of 
the Trigonometrical Ratios of a positive angle. Thus we 
need only consider positive angles. 
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By Art. 148 any multiple of four right angles may be 
rejected. Thus we need only consider angles less than four 
right angles. 

By Arts. 161 and 162 we can express the Trigonometri- 
cal Ratios of an angle between two and four right angles 
in terms of the Trigonometrical Ratios of an angle less 
than two right angles. 

By Art 95 we can express the Trigonometrical Ratios 
of an angle between one and two right angles in terms of 
the Trigonometrical Ratios of an angle less than a right 
angle. 

Thus the statement is demonstrated. 

164. It will be observed that when we thus reduce the 
angle we can always express a Trigonometrical Ratio of any 
an^le in terms of the same Trigonometrical Ratio of the 
reduced angle. 

165. As examples of the reduction of the angle we 
haye: 

sin 700' = sin (36(y^ + 340«) = sin 340* = sin (180® + 160«) 
= -sm 160'= -sin 20®; 

cos(-800«)=cos 800<^=cos (720<>+80<^)=cos 80^ 

tan600<>=tan(360«+140<>)=tan 140<>= -tan40%- 

cot460«=cot(360®+ 100<>)=cotlOO"= -cot 80*. 

sec 930<> = sec (720* + 210®) = sec 210® = sec (180® + 30®) 
= -sec30®; 

cosec ( - 600®) = - cosoc 600® = - cosec (360® + 240®) 
- -cosec 240®= -C08ec(180®+ 60®)=cosec 60®. 



'^^'L 
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Examples. XYIL 

Find the values of the following twelve Trigonometrical 
Batios: 

1. sin225«. 2. Bin790«. 3. Bin(-.240»). 

4. 008210^ 6, COS540'. 6. cos(-30(0. 

7. tanl96^ 8. tan346'. 9. tan(-120^. 

10. cot420'. 11. cotSlO®. 12. cot(-315'). 

13. With the notation of Chapter xiv. shew that the 
area of a triangle is equal to 

22r (sin -4 + sin -B + sin C). 

14. Shew also that the area is equal to 

Ji22(gin 2-4 +sm2^+ sin2(7). 

15. From the bottom of a station in a horizontal plane 
the altitude of the summit of a mountain is found to oe a, 
and on returing c feet from the station its toj) is seen to be 
in a straight Ime with the top of the mountain: shew that 
if h be the height of the station the height of the mountain 

ig feet. 

c— Acota 

16. li CD subtend an angle a at each of the stations 
A and B^ which are distant h apart, and the sum of the 
two angles ABD and BAG be cr, shew that the distance 
between C and D is either 

A sin a A sin a 

or -. 



sin(cr- a) sin((r+a)' 
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XVIII. Angles with given Trigonometrical Ratios, 

166. We have shewn in Art 17 that corresponding to 
a given angle there is only one value for an assi^ed 
Trigonometrical Ratio. But corresponding to a given 
value of an assigned Trigonometrical Ratio there is an 
unlimited number of angles, as we see from Chapter xv. 

We shall now investigate expressions which include aQ 
the angles having a given value of an assigned Trigono- 
metric^ Ratio. 

167. To find an expression for all the angles which 
have a given sine. 




Let BOG be the least positive angle which has the 
given sine; denote this angle by A, Produce BO to any 
point B and make the angle B'OC'=BOC\ then BOC 
= 180«-^. 

Now it is obvious from the figure that the only positive 
angles which have the same sine as A are 180^—^, and 
the angles formed by adding any multiple of four right 
angles to -4 or to 180®-^ ; <£at is, angles included in the 
expressions w360*+-4 and n360°+ 180®-^, where n is zero 
or any positive integer. Also the oxAj negative angles which 
have the same sine as A are-(180®+^) and -(360®--4), 
and the angles formed by adding to these any multiple of 
four right angles taken negatively ; that is, angles induded 
in the expressions n360<'-(180°+-4), and n360^-(360<^-^), 
where n is zero or any negative integer. 

All the angles which have been indicated will be found 
on trial to be included in the expTeaaiom uVS^ ■v'^— N^ A.^ 
where n ia zero, or any integer -j^^VWnq ot xiLt^j^gaSa^^* ^^^**^ 
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all the angles included in this expression will be found 
among the angles which have been indicated. 

Thus this expression includes all the angles which have 
the same sine as A ; and all the angles wmch it indndes 
have the same sine as A, This expression also applies for 
all the angles which have the same cosecant as A» 

168. To find an ea^pression for all ihs anglet which 
have a given cosine. 




Let BOC be the least positive angle which has the 
given cosine; denote tliis angle by A, Make the aiurle 
BOC = BOG. 

Now it is obvious from the figure that the only positive 
angles which have the same cosine as A are ZSCr—A, and 
the angles formed bv adding any multiple of four right 
angles to ^ or to 360^-^ ; that is, angles included in the 
expressions nZQOf^+A and n360*^+360®--4, where n is aero 
or any positive integer. Also the only negative angles which 
have the same cosine as A are —A and -(360®—^), and 
the angles formed by adding to these any multiple of four 
right angles taken negatively ; that is, angles included in 
the expressions w360®--4, and n360®-(360®--4), where 
n is zero or any negative integer. 

All the angles which have been indicated will be found 
on trial to be included in the expression n360*sfc-<4, 
where n is zero or any integer positive or native. Also 
all the angles included in this expression will be found 
among the angles which have been mdic»Aied. 
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Thus this expression includes all the angles which have 
the same cosine as A ; and all the angles which it includes 
have the same cosine as A, This expression also applies 
for all the angles which have the same secant as A, 

169. To find an expression for all the angles which 
have a given tangent. 




Let BOG be the least positive angle which has the 
given tangent ; denote this angle by A, Produce BO to 
any point B\ and CO to any point C\ 

Now it M obvious from the figure that the only positive 
angles which have the same tangent as A are ISO^+Ay 
and the angles formed by adding any multiple of four 
right angles to ^ or to 180^+^ ; that is angles included 
in the expressions n 360® + A and n 360*^ + 180® + A^ where n 
is zero or any positive integer. Also the only negative 
angles which have the same tangent as A are -(180®-^) 
and —(360®— -4), and the angles formed by adding to these 
any multiple of four right angles taken negatively; that is, 
angles mcluded in the expressions w 360®- (180®-^) and 
n 360®— (360®— ^), where n is zero or any negative integer. 

All the angles which have been indicated will be found 
on trial to be included in the expression nl80® + -4, 
where n is zero or any integer positive or negative. Also 
all the angles included in this expression will be found 
among the angles which have been indicated. 

Thus this expression includes all the angles which have 
the same tangent as A ; and all the angles which it includes 
have the same tangent as A, Thia eiL^t^^Sss^ ^^<i ^&jgs$<is«. 
for all the angles which have t\ie ft^AXie cotoageuX ^& A. 
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EXAHPLES. XYIIL 

Give the general solutions of the followmg eight equa- 
tions: 

I. 8in-4=-. 2. cos-4=-. 3. tan^ss^^a 

4. cosec^ = l. 5. sec-4 = — 1. 6. cot-4=2-^/3. 
7. Bin^ + cosec2l=2. 8. sin 2^=008 3^. 

9. Shew that the length of the straight line drawn to 

bisect the angle ^ of a triangle and terminated by the 

.. . , . 2ftc co8i-4 
opposite side is — =r — ^— . 

10. The angle C7 of a triangle is a right iingla Shew 
that the radius of the inscribed circle is equal to 

II. Shew that the radius of a circle which passes 
through the vortex ^ of a triangle, and touches the side 
BG at its middle point is 

2_(&«+c")-_a» 
86 sin (7 ' 

12. P, 0, and R are points in the sides BCy CA, and 
AB respectively of a triangle^ such that 



BP_CQ_^AB_ 
Ba~CA''AB'^'' 

show that PC'+Q-R^+^i^=(«'+&'+0 (l-3ar+3«»). 



RATIOS OF TWO ANGLES. 
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XIX Trigonometrical Eatioi qf two angles. 

170. The object of the present Chapter is to express 
the Trigonometrical Ratios of the sum or difference of two 
angles in terms of the Trigonometrical Ratios of the angles 
themselyes. 

171. To express the sine of the sum qf two angles in 
terms qfthe sines and cosines qf the angles themselves. 




Let the angle COD be denoted bv A. and the angle 
DOE by B\ then the angle COE will be denoted by 
A+B. 

In OE take any point P, draw PM perpendicular to 
OC, and PN perpendicular to OD; draw NB perpendi- 
cular to PMy and NQ perpendicular to 00. 

Then the angle NPR is the complement of PNR^ and 
is therefore eqiud to RNOy which is equal to NOQ or A. 



. ,^ „, PM RM+PR 
K^ow sm(^+-B)=^p = gp — = 



m.PR 
OP^ OP 



NQ ON PR PN 
"ON' OP PN' OP 

=BinXcoaB-veiw^A«fia.B» 
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172. To express the cosine of the sum of two anaUs 
in terms cf the sines and cosines of the angles themselves. 




The same construction being made as in the {Hrecediog 
Article, we haye 

_qQ ONNR NP 
"ON' OP NP' OP 

= cos ^ cos ^— sin ^ sin ^. 

173. To express the sine qf the difference qf two 
angles in terms qf the sines and cosines qf the angles 
themselves. 




Let the angle COD be denoted by Aj and the angle 
DOE by B ; then the angle COE will be denoted by -4 --B. 

In OE take any point P, draw PM perpendicular to 
OC, and PN perpendicular to OD; draw NB perpen- 
dicular to MP produced, and NQ perpendicular to OO. 
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Then the angle NPR is the complement of PNB^ and 
is therefore equal to DNBy which is equal to NOQ or A, 

Nowmi{A-B)=-^= C^P ^OP-OP 

_NQ ONRP PN 
"ON' OP PN' OP 

=sin^ cos ^— cos ^ sinj9. 

174. To express the cosine of the difference of two 
angles in terms of the tines and cosines of the angles 
themselves. 

The same construction being made as in the preceding 
Article we have 

«ni,M m ^^ OQ^QM OQ NR 

_0Q ON NR PN 
" ON' OP PN' OP 

=cos^ cos^+sin^ sin^. 

175. To assist the student in remembering the pre- 
ceding demonstrations, we may observe that the point P is 
taken in the straight line which hounds the compound angle 
toe are considering; thus in demonstrating the formulae for 
sin {A + B) and cos(^ + ^) the point i' is taken in the 
straight line which bounds the angle A-^-B^ and in demon- 
stratmg the formulae for sin^^— ^) and qo&(A.—B) the 
point P is taken in the straight line which Dounds the 
angle -4-^. 

176. The formulas established in Arts. 171... 174 are 
true whatever may be the size of the angles A and B ; the 
student may exercise himself by going through the con- 
struction and demonstration in various ca es; it will be 
found that the only variety which occurs in the construction 
consists in Uie circumstanco tbaA» \»Vi^ ^^^ir^\!L^«8(^Sss«k Ns^ 
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some cases &11 on certain stnught lines and in otiier 
fall on those straight lines proe/to^. 



177. We will for example demonstrate the formnlffi 
of Arts. 173, 174, for the case in which the angle A is 
greater than a ri^ht angle, while B is less than a right 
angle, and ^-^ is less than a right angle. 




Let the angle COD be denoted by A^ and the anrie 
DOE by B\ then the angle COE will be denoted by 
A-B. 

In OE take any point P, draw PM perpendicolar to 
OC and PN perpendicular to 0D\ draw NR perpen- 
dicular to MP ana NQ perpendicular to CO produced. 

Then the angle NPR is the complement of PNR^ and 
is therefore equal to RNOy which is IS^-DNR, that is, 
equal to 180**-^. Then 

. , . ^ PM RM+PR NQ . PR 
Bm{A-B)= ^-p = —0P~^6P ^ OP 

_NQ ON PR PN 
"ON' OP PN' OP 

-8in(180«--4) cos5+cos(180»--4) sin j5 

ssm^ C08^-C08i!l8in^,by Art 95. 
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And cos (-4 --B) 

_0M MQ-OQ NR OQ 
"OP" OP "^ OP OP 

_NR PN_OQ ON 
"PN'OP ON' OP 

=8in (180«--4) sin -B-cos (180«--4) cos jB 

= sin ^ sin ^ + cos ^ cos By by Art. 96. 

178. By examining in this manner the varions cases 
which can occur, the student may convince himself that the 
formulse of Arts. 171... 174 are universally true. Another 
mode of demonstration will be found in the larger work on 
Trigonometry, Art. 80. 

We now proceed to express the tangent and cotangent of 
a compound angle in terms of the tangents and cotangents 
of the single angles. 



sin^ cos ^-f cos ^ sin J? 
cos^ cosjB— sin^ fonB* 

divide both numerator and denominator of the last ex- 
pression by cos ui cos ^ ; thus we obtain 

sin^ sinJg 
cos^ cos^ 
- sin ^ sin B ' 
COB A cobB 

therefore. tanM-t-g)= ^_^^^B - 
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180. Taii(2l-^ 

BJn^ sinjg 

008^ 000^ tan^-tan^ 



fsanAwiB 1+tan^tan^* 



COSui C08^ 

181. Cot (-4 +5) 



sin (^ + ^"8111^ cos^+oos^sin^ 

008^ C08^ 

8in A sin jg~ cot^ cot.g-1 
"" cos ^ cos B ~" cotui + cot^ * 
sin A sin ^ 



182. Cot(-4--B) 

cos(^-^ ) 008^ co8^4-8in^ sinjg 
""sinC^— 5) sin^ cos^-cosui sin^ 

cos^ cos^ 
_ Bin^ sini? cot^ cot^ + 1 

"" COSjg cos^ "" cot5-cot-4 
sin^ sin^ 

183. We may give other forms to these expressions. 

For example, 

»,f A . DN- ^ _ l~tan^tan^ 
cot(^+//;-^^^^^j- tanui+tan^ ' 

eot(^.-^)^-4-^^= V^^^^^'^f , 
^ ' tan(^-jB) tan^— tan^ 
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184. Some important formulae are dedacible from those 
already given by supposing B^A, 

Write B:=A in Art. 171 ; thus 

sin 2^ =2 sin ^ cos A 
Write B^A in Art. 172 ; thus 
cos 2^ = cosM - sinM 
= l-2sinM 
or = 2cos'^ — 1. 
Thus l + cos2-4=2co8'uf, 
1 -cos 2^ =2 sin' ^, 
- 1-C06 2^ . «. 

and , u. .=tanM. 

l+co»2^ 

And since sin'^ + cos'^ = 1 we have 

. „ . 2 sin ^ cos ^ 

cos"-4 + sm*-4' 

divide both numerator and denominator of the last ex- 
pression by cos"-4 ; thus 

2tan^ 



sin 2-4 = - — ■ , . . 
1+tan*^ 

Similarly cos 2^ = ^!^"^'^!^ =^~^'^, 
oimuaxiywB^ cosM+sinM l+tan»-4' 

In Art. 179 put ^=^ ; thus 
. ^. 2tan-4 

and this result may also be deduced from the values of 
sin ^A and cos 2A just given. 

In Art. 181, put B=A ; thus 

.„. cotM-1 
cot 2-4 = -j; — r-r-« 
2cotA 
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1. Iftaii^=|andtaii^=7,findtan(J + ^ 



2. Iftaii^ = -yr and tan -Ss-jjr, find 

3. Iftan^= . , .^ ^, shew tiiat tan ^, tan .g, and 
tan (7 are in Harmonical Progression. 

4. If tan^=:a and tan^=&, find oos2(2l+^ and 
sin 2(^1 +5). 

6. Ifcos(^-^)=nsin(^+^), shew that 

tan(46«+^)=^ tan(46«-5). 

6. Ifsin4=^andsm5 = ^2 + 2^3,find 

cos(^+-B). . 

24 

7. Given tan 2^ = -r- , find sin A. 

7 

8. If tan2J=2tanj8 and tanC7=^tanM, shew that 
tan(^-C)=tan^. 

a Ifco82l=^i2?andco8i=^— ^^findcosU+-B). 
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10. If tan -4 = tan'^, then 2 tan 2^ = sin 2B tan 7,B. 

1 aYS 

11. Given sin ^- cos -4= -7^ cosl'- -,^ sin 1*. find 

V2 V2 

the number of degrees in the smallest possible valae of A. 

12. If tan j? + cot ^=2 sec 2^, shew that one yalae 
of^+.Bis45*. 

13. Shew that sec 2 -4 -tan 2^= tan (45<>-^). 

14. If cot J5 - 2 cot 2-B = sec 2-4 — tan 2-4, shew that one 
^alue of -4 + J5 is 46®. 

15. If pmiA=q«iiiB and r cos2l=«cosi?, then 

^ ' qr^ps ' ^ ' qr^ps 

Demonstrate the following ten identities : 

sin 2^ cos A _. A 
l+cos2^'l+cos^" 2 * 

17. sin &4 = 8 sin-4 cos ^ cos 2A cos 44. 

18. (sin^-8in^)*+(cos^-cos^)2=2 ver3(^-^. 

19. 2cosec4^ + 2cot44 = cot^-tan-4. , 

20. 2 sin 2-4 - sin 4-4 = 4 sin 2-4 sin* -4. 

21 . cot* A - tan*-4 = 4 cot 2^ cosec 2 A. 

22. 2-2tan4cot2-4=sec2-4. 

23. sec*(-4 + 45<>) - sec'^C^ - 45**) = 4 tan 2A sec 2A. 

24. tan -4 + cot 2 ^ = cosec 2x1. 

25. tan(45<>+^)-tan(45<»-^)=2tan2A. 
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XX Trigonometrical Tramformattang. 



185. From the formuke of the preceding Chapter 
others may be derived ; and by the aid of all the results we 
can change Trigonometrical expressions into yarions forms. 
The use of such transformations becomes apparent as the 
student adyances in Mathematics, and even at present he 
will find valuable exercise in theih. 



186. The product of sin {A + £) and fan{A-B) takes a 
remarkable form. 

Bm{A-hB)sm(A-B) 
= (sin^ cos^+cos^ sin^)(sin.^ cos^-cos^ sin^ 
= sin'-4 cos* -S- cos* -4 sin'-ff 
= sin"^ (1 - sin'^) - (1 - sinM) sin'j? 
= sin'^ — sin'J5. 
This may also be put in the form cos'^-cos*-^. 

187. Also 

C08(^+5)C0S(^-^) 

^^(cos-4 cos-S-sin^l sin-6)(co8-4 cos^S + sin^ mnB) 

~ cos* -4 co8*^-sin2^ sin'JJ 

- cos2^ (1 - sin*^) - (1 - cosM) sin* B 

= cos2^-8in2J5 

= cos*5-8in*-4. 
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188. From the four fundamental formulae of Chapter 
zix. we have 

sin(-4+-B)+sin(^--5)=2sin-4 cos -S, 

8m(^+-S)-sin(^--B)=2cos-4 sin^, 

co8(-4+-B) + cos(^-uB)=2cos^ cosj9, 

oo8(-4--B)-coi(^ + -B)=2sin^ wnB. 

liQiA+B^Cy and ^-5=2); therefore 
. (7+2) „ C-D ., 

. ^ * w^ V. (7+2> (7-2) 
Bm(7+sm2>=2sm — o^co* — « — > 

am C-Bm2;=2co8 — — am , 

C08(7+C0S2> = 2C0B— ^ — COS— s — > 

C08 2>— cosC7=2sm — 5 — sm — - — . 
J* J* 



The last four formulae are useful in converting a sum or 
difference into the form of a product of factors. Thus, for 
example, by the first of the last four formulae the sum of 
two smes is converted into twice the product of a sine and 
cosine. 

The first four formulae are useful in converting a pro- 
duct into the form of a sum or difference. Thus, for ex- 
ample, by the last of the first four formulae we see that 
the product of two sines is equal to half the cosine of the 
difference of the two angles diminished by half lVs& ^:^*6«sa 
of their sum. 
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^ . A-^B A-B 
. - . _ 2 sm —5 — cos —5 — 

^ A^B .A-B 

^tan-g— cot-2- 

tan- 



tan 



2 
2 



. -, 2C08— r— cos— ^r— 
COS-4+COS^ 2 2 ,A^ ,pov 

190. ^^ — 5 :i * ^ . i> J ki (-A^rt. 188) 

cos^-cos^ ^^A^F^IzE 

2 2 

=cot-^- cot— 2— • 

, , _ sm-4 , sin-S 

191. tan4tta»^=5^ + iSrs 

sin^ cos^+cos^ sin^ 
"" cos^ cosB 

_^ sm{A-^B) 
cos A COS B' 

Similarly ^^^-'^^^=cobA cosB' 

^ . sin-4 . cos^ 8in*^+oo8*^ 

192. tanJ + cotJ=^-^+^5^ = -g^X^^- 

1 2 _ 2 

"" sin-4 cos^ ~ 2 sin.^ cos-4 sin2-4 



193. cot^-tan^ = 
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C08-4 sin -4 



sin^ cos^ 

cos*^ - sin^^ cos 2A 



sin A cos A sin A cos A 
2 cos 2 A 2 cos 2 A 



2 sin ^ cos A sin 2^ 



= 2 cot 2^. 



194. By repeated applications of the formulse in Chap- 
ter XIX, we can obtain expressions for the Trigonometrical 
Ratios of a composite ansle made up of any number of 
simple angles connected by the signs + and — . For 
example, 

gin (-4 +^+ t7)=sin {A +-ff) cosC+cos(-4 +-B) sin C 
= sin^ cos ^ cos (7+ sin ^ cos (7 cos ^ 

+ sin C cos A cos B— sin A sin ^ sin C. 

cos{A'hB-^C)=cos{A + B)cosG-em(A-{'B)sinC ; 
=cos ^ cos ^ cos t7— cos CsinA sin B 
—cosBsviA sint7— cos^ sin J3 sin (7. 

7 

tm{A+B-{-C)= — y-i — D— 77(- 
^ ' cos(-4 + J5 + C7) 

snbstitate the expressions just found for mniA+B-hC) 
and cos(^+^ + ^); and then divide both numerator and 
denominator by cos A cosB cos C; thus we obtain 

. /J. D ^N_ tan^ + tan^-ftant7--tan^tan^tan(7 
^^^^■^^"^^^■"l-taniJtanC-tanCtan^-tan^tanJS* 

195. The particular case of the formulsB in the pre- 
ceding Article in which C^B^A should be noticed. Thus 
we obtain 

sin 3^ = 3 sin ^ cos^^ — sin^^ 

=3 sm ^ (1 -8iaM)-8in3 A 
=3sinX-4aD?A\ 
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* cos ZA = cos'^ — 3 cos ^ sin^-^ 

= cos^^ - 3 COS ^ (1 - cos*-4) 
=4cosM-3cos-4; 
3tan^--tan'-4 



tan 3^1=- 



l-3taii«-4 



196. When angles are connected by a relation we often 
find some simple relation connecting some of their Trigo- 
nometrical Ratios. We will take for example the case in 
which tiiere are three angles, the snm of which is eqnal to 
180^ ; this relation holds for the angles of a triangle. 

If -4+^+(7=180S then will 

8in^ + sin^+sinC7=4cos- cos— cos-. 

Jt Jt ^ J 



For sin-4 + sin^=2sm^^^^C08^^2^ (Art 188) 
B2sin(90*-^ )cos- " 



>(900-^. 



2 



„ C A-B 

= 2 cos -cos -y- J 



sinC/=2sm2 cos — 



=2cos•5•cosf 90*- -g^j 



« O A4-B 
=2 cos -^ cos— ^; 
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therefore 8in^+sm£+sm(7 

or 



=2 cos -^ cos — - — +COS — s — } 



=2co8~2cos— cos— (Art. 188) 

, ABC 

= 4 cos — cos -^ cos- . 



Agaiii,if-4 + J5 + (7=180^ then will ' 

A 

B G ^^®F 

Cot-+COt2=— ^g— 5- 

Bing-sm- 

^ cos- cos - 

For cot2+cot2 = — g+ ^ 

sing- sin- 

B . C . B G 

COS-2^^ 2'^®"^2'*^®2 



sm- 



B^G 



sm^suig 



^ (Art. 171) 






em 2" sin ^ 



Bm(9(r-«) cos- 



'^ . B , G ^ . B . G ^ 
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SimUarly if ^ + ^ + (7= 180^ then 

taii-+tan- = — ^ C^ 

cos- cos- 

197. The solution of equations involving Trigonometri- 
cal Ratios is facilitated by transformations of the kind 
given in the present Chapter. For example; required to 
find the value of the angle A from the equation 

sin 7^ — sin ^ = sin 3^. 

By Art. 188, 

sin 7^ - sin u4 = 2 sin 3^ cos4^; 

thus we have the equation 

2 sin ZA cos 4^ = sin ^A ; 

therefore either 

sin 3-4=0, 

or cos44=-. 

The former gives as the simplest solution 3-4=0, and 
for the general solution 3-4 =w 180**. 

The latter gives as the simplest solution 4^ =60^, and 
for the general solution 4-4 = w 360'st 60®, 

See Chapter xvra. 
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Examples. XX. 



Demonstrate, the following thirty identities : 

cos3^ + cosu4 

2. ^ — I — j=tan2-4+sec2-4. 

„ sin 6-4— sin ^A ... 

3. r-i z-A = cot 4^ . 

co6 3^~cos6u4 

sin^^— sin'J? . , ^ . nx 

sm ^ cos ^ — sin j9 cos j9 

6. 008^2^ — cos' 3-4 = sin -4 sin &A. 

6. 8in-4 sin(-4 +2-B) -sin jBsin(2-4 + -B)=sin*,4 -sin*-ff. 

sin A 4-sin {A +-g) 4-sin (-4 +2^ . .. „. 
^' cos^ + cos(.4 + ^) + cos(^ + 2J?)"*^^^'^^^- 

8. 2 cos (w- 1) -4 cos -4 —cos (w - 2)-4 = cos nA. 

9. 2rin(^-45«)cos(^+45») 

=sin-4-cosjB. 

10. (1 + cot A + cosec A) (1 + cot -4 - cosec A) 

.A . ^ 
= cot-2-tan-. 

tan 3-4 _ 2 cos 2^ + 1 
tan^ "'2co82i4-\' 
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12. ski 3^ - cos 3^ = (sin ^ + cos ^) (4 sin ^ cos ^-1). 

. „ sinM— -B)— sin-B .A „ 

13. 8in-B+ — V: — '—z stan-cos-ff. 

l + cos-4 2 

14. 2 8ec(-4+jB)(co8'-4-8in«jB) 

= (sin2-4+sin2-B) cosec(^+^). 

16. 2 sin —cos— cos 2^ -2 sin -4 C08-4 cos 3^ 

2 Z 

=8inJ. 

16. 2(cos'^-sin'-4)=cos2^(l+cos"2^). 

17. sin(3^+jB)sin{3-4--B)-sin(^+jB)sin(^-5) 

=sin4^ sin 2^. 

18. {cos(-4+^+sin(-4-5)}{sin(^ + 5)+cos(^-^} 

= cos 25(1+ sin 2^). 

3 sin ^ - sin ZA /sec 2A - l\f 



19. 



[ _ / sec2^-l \f 
[ ~ \8ec 2A + \) 



3cos^ + cos3^' 

20. (cos -4-sin A) (cos 2^ -sin 2^) + sin 3-4 = cos -4. 

21. (3sin4-48inM)*+(4cosM-3cos^)»=l. 

22. l-C083-4=(l-co8-4)(l + 2cos-4)». 

A A 

23. tan- + 2sin2'Jcot-4=8in^. 

2 2 

A A 

24. cos^ -sin-4 tan -^ =cos 2^ +8in 2-4 tan - . 

2 cos 2-4 2 s i n 2-4 __ s/2 

* coaA+BiinA C08-4-Bini4~c08(il+45*)* 
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26. cos(u4+J?-£7) + cos(^-J?+(7)+ot)8{5+(7-^) 

+cos(-4+jB+(7)=4cos-4 cos-ScosC. 

27. C0Sa?+C0Sy + C0S;2r + C0s(a? + y + ;2f) 

. x-\-y y-\-z z^x 

28. wi{A'^B-C) + sia{A + C-B)+sm(B+C-A) 

29. mnie+siny+anz—sm{a+y+z) 

. . a?+y . y-hz . 2r+a? 
==^™ 2 T 2 ®"^"2~- 

30. Bin(-4 + J?+(7) + 8in(jB+(7--4)+sin(^ + (7-JB) 

-siii(-4+J?-(7)=4sin(7co8-4 cos 5. 

If^+J?+C=180^ demonstrate the following five re- 
lations: 

31. sin2^ + sin2J?-sin2(7=4sin(7cos-4 cosA 

^« .A B'-C . B G-A . . C A^B 

32. sin — cos +8m — cos — — +sm — cos — r — 

= cos ^ + cos J? + cos C. 

33. sin"^ + sin"J?+sin»C 

=2sin^sinCcos^ + 2sin^sinCcosJ?+2sin^sin^cos(7. 

I-cos^+cosjB+cosC a . C 

^^ l-cosG+cosA + oosB^^''2 ^* 2' 

36. 8in2J?(l + 2cos2(7)+sin2(7(l + 2cos2^) 
+8in2^ (1+2cos2jB) 
-=4 sin ((7-5) an(,A- (J^ «aiga- A^. 
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Solve the following five eqnaUons : 

36. sin^+C08 2;r=:l. 

37. tan jr=tan Ax. 

38. sin9a;+sin6^+2 8in*«=l. 

39. sin 5a; cos 3^= sin 9« cos 7«. 

40. C08aarcos5jr=cofl(a+c>»eos(5+c)dp. 

41. Iftan^=2, tan5=3, tanC=2+V3> 
find tan(^+5-(7). 

42. Iftan-4=|,tanJ?=^,tanC7=^,tan2)=|, 
tan-&=^, shewthattan(^+5+C7+2)+^)=l. 

Ob 

43. If 2^= A + B-¥C, shew that 

S S-A S-B S-G 

, . S . S-A . S-B . S-G 
+ sm- sin-g- 8in~— sm-^ 

A B G 
=cos— cos- cos— . 

44. If 2/S'=^ + J?+C;shewthat 

co8"/S'+ cos*{S-A) + cos^^y-^) + cos'C^S'- G) 
= 2 + 2cos-4 cosJ?cosC 

45. If vers -4=0?, vers^=&a?, vers (7=1-5, and 
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Demonstrate the following ten identities : 

46. cos^ + cosiB+cos(-4 + C) + cos(-B+C7) 

=4cos 2 cos-cos-y-. 

47. tan — -tan — -tan — =:tan - tan— tan — . 

48. sin«(5-^)+sin«(-ff-^ + C) 

-28in(iB-^) 8in{iB--4 + C)cos(7=8in"Cl 

49. 4 cos 3^ sin8(60*-^)-4sin 3A cos^(60*-J[) 

= 3 8in(60«-4^). 

60. cos ^ + cos (72«--4)+cos(72«+4)+cos(144«-J[) 
+ cos{144*+^) = 0. 

61. l+cos(^-^ + co8(jB-C7)+cos(a-^) 

^ AS B-C a-A 
=4co8-2-cos-2-cos-2-. 

62. sin(^-^)+sin(-ff-a) + 8in((7-^) 

. . B-A . C-B . A-a 
=:4sm— g- sin— ^ sin— g-. 

63. sin 3 (-4-150) 

=4 cos (^ -45*0 cos (-4 + 16*) sin {A - 15«). 

sin(2^-Jg-C^) sin(2ig-^-a) 

sin (-4 --S) sin (^ - a) sin (.S--4) sin (.S- (7) 
sin(2C-^-ig) 
■*'8in(C-^)sin((7-jB) 



64. 



= 0. 



66. 



cos(2^-Jg-a) cos(2^-^-a) 

sin(-4--fi)sin(-4-C') sin(5--4)8in(5-C^ 

cos(2C-^-ig) 

8ia(C-A^«iTL^0-BV ^ 
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XXI. Dimnon qf Angles, 
198. By Art 184, we have 

co8^=2cos«4^-l = l-28in«4; 

C08^ 



hence sin 



i A ^ n-cosA A ^ 71 + 

"'"2=*V— 2— ' «>«2 = *V~ 



2 



These formulse serve to determine the sine and the cosine 
of half an angle, when the cosine of the an^ is given. 
It will be seen tliat by reason of the doable sign w6 have 

two values for sin -— and two values for cos -^ correspond- 
ing to a given value of cos A, 

199. The reason why there is more than one value for 

A A 

sin - and cos — , corresponding to a given value of cos A, 

is that corresponding to a given value of the cosine there is 
more than one value of the angle. 

Thus suppose that the angle COB has its cosine equal 
jio cos^, then an angle equal to four right angles di- 




nunlfiihed bv COB also has its cosine equal to cos ^ ; this 
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ang^e is denoted in the figure hj the larger angle bounded 
by OC and Oiy. If we take COD for A, then ^A is the 
angle COP, where OP is such that COP^POD, If we 
take for A the larger angle bounded by OC and OD', then 
\A is the angle COP', whereOP' is such that COP' ^P'OZX. 
Also the angle measured in the negative direction between 
OC and OS^, that is the ande COU has its cosine equal 
to cos ^ K we take CO 1/ for A, then ^ ^ is the angle 
COP'', where OP" is such that COP"=P"Oiy. 

It is easy to see on examining the figure that COP' 19 
the supplement of COP, and that OP' and OP" are in the 
same straight line. Hence it follows that the sines of 
COP, COP' and COP' are numerically equal but have not 
all the same sign ; so also the cosines of COP, COP' and 
COP^ are numerically equal but have not all the same sign. 

If any of the angles which we have taken for .^ be in- 
creased by any multiple of four right angles, we shall ob-r 
tain an angle which has its cosine equal to cos ^ ; it will 
be found on examining the fi^e that the sine and the 
cosine of half such an angle will coincide respectively with 
the sine and the cosine of one of the angles which we have 
already taken for \A, 

Thus we have accounted for the fact that sin --- and 

COS — when expressed in terms of cos A have each two 
values numerically equal but of opposite signs. 

200. By assuming the result obtained in Art 168 we 
can put the preceding explanation into a briefer form. 

AH the angles which are comprised in the expression 
n360'±-4, where n is any integer, positive or negative, 
have the same cosine as A, Hence we may expect that any 

formula which gives sin — in terms of cos A will include 

the sine of every angle which is comprised in th^ ««.- 
pression J (n3609 J=-4), that ia ia tlaa q:l^t«^<^ti -nXSJ^ ^\A.* 
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Now sin (n 186'± J^)=8m (t>b|^) if n be even, 
and= -sin {*^\A) if n be odd. 

And thus, by Art. 159, we have the two values absin^^, 
and no more. 

Similarly we may expect that any formula which gives 
cos — in terms of cos A will include the cosine of every 
angle comprised in the expression n \S^^^\A. 

Now cos (n 180'J=i-4)=cos(* J -4) if n be even, 
and= — cos(±i-4) if n be odd. 

And thus, by Art. 159, we have the two values dboosj^ J, 
and no more. 



201. If in anv case we actually know the value of A we 
know also the value of i ^ ; and then we can settle which 
sign we ought to take in the formula for sin ^ ^, and 
which sign we ought to take in the formula for cos ^ A, 
And even if we do not know the exact value of A we may 
know sufficient to enable us to make this selection; for 
example, if we know that^ lies between 90^ and 180^ then 
we know that \ A lies between 45® and 90^ and the positive 
sign must be taken in both the formulee of Art 198. 

202. Remarks similar to those which have been made 
in the last three Articles will be foimd a|>plicable also 
to numerous other results in Trigonometry in which the 
double sign occurs; for examples we may mention the 
remaining results of the present Chapter, or the result 
sin A = db^i —cos* A, and others of the same kind. We 
shall however not enlarge on this point, for we have given 
enough to illustrate the general principle ; more applications 
will be found iu Chapter viL of the larger Trigonometry. 
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203. By Art. 184 

sin -4 = 2 sin — cos — ; 

and l = sin' — +cos2 — ; 

sin 2-"*'^®"2 ) =1 + ^^^-^* 

f A A\^ 

and (sin ——cos y J =1 -sin -4; 

therefore ®"^ "5^ + ^^^ o ~ =** V ( 1 + sin -4 j (1), 

and sin — -cos— = =b ^f 1-sin^ j (2). 

Thus as soon as the proper signs are known in (1) and (2) 
we can by addition and subtraction find expressions for 

sin — and cos -^ in terms of sin ^. 
2 ^ 



Let us take the case in which ^ is an acute angle, then 

A A A 

— lies between 0® and 45® ; thus sin — and cos ~ are both 

db .^ . 2 

A A 

positive, and cos — is greater than sin — . We must there- 

fore take the upper sign in (1) and the lower sign in (2), so 
that 

A A 

sin -^ + cos ^ = V(l + sin A), 



A A 

sm — - cos — = - J(>-«^\i A^% 
iu 2 



W 
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therefore 2%m-^= ^/(l+sin-4)-^/(l-8m-4), 

and 2cos— = V(l + 8in-4)+ ^/(l-Bin-^). 



204. As an example of the formulse of the preceding 
Article we will find the sine and the cosine of an angle of 9**. 

2 sin 9<»= ^/(l + sin 1 8*») - ^/(l - sin 18«), 

2cos9<»= ^/(l + sml8°)+ ^(l-sinl8*»); 

l + sinl80=l + ^^ = ?±^, 
4 4 

l-sinl8»=l-4^ = 5^. 
4 4 

Thus sin9<> = i | ^(3+^6)- ^/(5- ^5) j, 
and cos 9° = ^ | V(3 + ^/5) + ^(5- ^|&) \ . 

206. By Art. 196 we have 

A A 

cos-4=4cos3 —-3 cos—, 

o 3 

A A 

sin ^ = 3 sin — — 4 sin' — , 
3 3 

A 
Thus if cos^ be given and we require cos -^ we have to 

3 
solve a cubic equation; and similarly if sin ^4 be given 

and we require sin — we have to solve a cubic equation. 
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Examples. XXI. 

1. Find the cosine of l\\\ 

2. If -4 be between 90® and 180**, shew that 

2 8in^=V(l + 8in^)+V(l-sin-4). 

3. If sin 224' = — '69, write down the Tahie of sin 112*. 

4. Shew that tan ^= *** V i Hhcosuil * ^pla"^ t^o 
double sign. 

0. Shew that sin A when expressed in terms of sin — 

2 

has two equal values of opposite signs ; and that cos A 
when expressed in terms of cos -^ has only one yalue : and 
give a geometrical illustration. 

6. Shew that 

cot (45<»- ^) -cot (45''+ y) =2 tan ^. 

7. Shew that 

sin 5 ^ cosec^ ^ secu4 — cos 5 ^ sec'u^ cosec ^b8 cot2 ^. 

8. Shew that 

cos -4 l+cos-4 « .^ J. ,A 
-=2cot2u4cot7r- 



1 - cos -4 cos -4 

9. If asind+5cos^=<j=aoosec^ + 5sec^, 
shew that (a* - li)Ja^-hbi = c. 

10. If 

8in^+sin0=m, cos^+co80=n, andcos(^+^)=/?, 

shew that ^-rr^* 

n" 1-vp 
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XXII. Circular Measure. 



206. In practice angles are always esidmated-by means 
of degrees, minutes and seconds; but there is another 
method of estimating angles which is very important in 
theory, which we will now explain. The object of the 
present Chapter is to establish and apply the following 
proposition : If with the point of intersection qf any ttDO 
straight lines as centre a circle be described with any 
radiuSy then the angle contained by the straight lines may 
be measured by the ratio which the length qf the arc of 
the circle intercepted between the straight lines bears to 
the radius. 

207. The circuYnferences of circles ^ary as thsir radii. 

If a regular polygon of any number of sides be inscribed 
in a circle, and a regular polygon of the same number of sides 
be inscribed in another circle, theperimeters of the polygons 
are as the radii of the circles. See Art 138. This is true 
however great be the number of the sides ; and we may 
assume that hj making the number of sides as large as we 
please the perimeters of the polygons will not differ sen- 
sibly from the perimeters of the corresponding circles. 

For a fuller exhibition of this demonstration the stu- 
dent may consult Chapter II. of the larger work on Trigo- 
nometry. 

208. Thus the ratio of the circumference of a circle to 
its radius is constant whatever be the magnitude of the 
circle ; therefore of course the ratio of the drcun^ference 
to the diameter is also constant. The numerical value of 
the ratio of the circumference of a circle to its diameter 
cannot be stated exactly ; but it is shewn in the larger 
TTork on TngODometrj that the ratio may be calculated to 



CIRCULAR MEASURE. 166 

any degree of approximation. The yalue is approximately 

22 355 

equal to y , and still more nearly equal to y^o » *^® value 

correct to eight places of decimals is 314159265... 

The symbol ir is invariably used to denote the ratio of 
the circumference of a circle to its diameter; hence if r 
denote the radius of a circle its circumference is 27rr, where 

TT = 3-14159265... 



209. The angle subtended at the centre of a circle hy 
an arc which is equal in length to the radius is an iw 
variable angle. 




With centre O and any radius OA describe a circle ; 
let AB be an arc of this circle equal in length to the 
radius. Then, since angles at the centre of a cux^le are 
proportional to the arcs on which they stand, 

angle ^O^ arc^^ 

4 right angles "" circumference of the circle 

27rr ~ 27r ' 

therefore angle ^05=iri«5|i^5iJ^. 

27r 

Thus the angle AOB is a certain fraction of four right 
angles, which is constant, whatever may be tlie radmsL. ol 
the drcle. 
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210. Since the angle gubtended at the centre of a circle 
by an arc which is equal to the radius is an invariable 
angle it may be taken as the unit of angular measurement^ 
and then any angle will be estimated by the ratio which it 
bears to this unit. 

Let AOG be any angle ; with O as centre and anv radius 
OA describe a circle ; let AB be an arc of this circle equal 




in length to the radius ; let r denote the radius, and I the 
length of the arc u4C 

Then, since angles at the centre of a curcle are propor- 
tional to the arcs on which they stand, 

BXlg\QAOC AC _l_ 

fkwglQ AOB AB'^r' 

therefore angle AOC=-x angle AOB ; this result is true 

whatever the unit of angular measurement may be, the 
same unit of course being used for the two angles. If we 
take the angle AOB itself for the unit, tiien this angle must 
be denotedoy unity; 

thus angle AOC= - . 



211. We have thus shewn that any angle may be 
estimated by a fraction which has for it» numerator the 
arc which the angle intercepts on any circle having it» 
centre at ths angular point, and for its denominator the 
radius of that circle. And in this mode of estimating 
an^Je^ the nmt, that is the angle denoted by unity^ is the 
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angle in which the arc intercepted is equal to the radius. 
We have shewn that this angle is ^ ^^^^^^^^^ ; hence the 

number of degrees contained in the angle is -j;- , that is 

180 

. If we use the approximate value of w given in Art. 208, 

'ST 

180 
we shall find that — = 67'29677951...; this therefore 

TT 

is the number of degrees contained in the angle which is 
subtended at the centre of a circle by an arc equal to the 
radius. 

212. Thus there are two methods of forming an idea 
of the magnitude of an angle which is estimated by the 
fraction arc divided hy radius. Suppose, for example, we 

Q 

speak of the angle j - we may refer to the unit of angular 

measurement which is an angle containing about 57 degrees, 
and imagine three-fourths of this imit to be taken ; or 
without thinking about the unit at all, we ma^ suppnose that 
an an^le is taken such that the arc subtendmg it is three- 
fourths of the corresponding radius. 

The fraction arc divided bp radius is called the cir- 
ctdar measure of an angle. Since, as we have already 
stoted, this method of measuring angles is very much used 
in theoretical investigations^ it is sometimes called the theo- 
retical method. 

213. If r denote the radius of a circle the circumference 
is 27rr ; hence the circular measure of four right angles is 

-^ , that is 27r. The circular measure of two right angles 
is v; the circular measure of one right angle is - ; and the 

71 TT 

circular measure of n right angles is -^ , where n may be 
either integral or fractional. 
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214. We will now shew how to connect the ciretdar 
measure of any angle with the measure of tiie same ang^e 
in degrees. 

Let X denote the number of degrees in any angle, 6 the 
circular measure of the same angle. Since there are 180 

degrees in two right angles, r-r expresses the ratio of this 

loU 

angle to two right angles. And since ir is the circular 
measure of two right angles, - also expresses the ratio of 
the angle to two right angles. 

Hence 
thus 
and 



215. For example, the circular measure of an angle of 
one degree is -^, the circular measure of an angle of 

loO 

three degrees is — - , that is ^ ; the circular measure of 

loO oU 

an angle of one minute is -— - — — . ; the circular measure of 
an angle of one second is _ -- ^^— ^ ; and so on. 

2 

Again, if the circular measure of an angle is -, the 

2 180 
number of degrees contained in the angle is - • — ; that 

2 

is - of 57*29577951...; if the circular measure of an 

o 



X 

180 


e 


X- 


180^ 

TT 


e-- 


TTX 

^180* 
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angle is 5, the number of degrees contained in the angle 

180 
is 5 . — , that is 6 X 57*2967795 1... ; and so on. 

TT 

The student who intends to proceed to the higher parts 
of mathematics is recommended to pay particular attention 
to the points illustrated by these examples ; especially he 
should accustom himself to express readily in circular mea- 
sure an angle which is given in degrees. 

216. Similarly we may connect the circular measure of 
any angle with the measure of the same angle in gradei. 

Let y denote the number of grades in any angle, 6 the 

circular measure of the same angle. Since there are 200 

y 
grades in two right angles, -^ expresses the ratio of this 

angle to two right angles. And since ir is the circular mea- 

sure of two right angles, - also expresses the ratio of the 

IT 

angle to two right angles. 



Hence 
thus 
and 



y 

200" 


6 


200^ 

^ IT 


9 = 


^^ 



200 



The number of grades in the angle which is the unit 
of circular measure is — , that is 63'661977.... 



TT 



1T« 



^ \ 1 1- 




Piad the mmiber of 
wUdktm opfcnedni 

7. If the kogth oC sui are of a cirde irlddi subteods 
3* at the centre be 6 feet, find the radiiu^ and the length ni 
an are aobiending 3 giadea. 

& Rnd the mimber of degrees in the aqrie subtended 
at the centre bj an arc of 7 feet when the ladnis is 10 feet 

9. The radius of a circle is 20 feet: detennine the 
length <tf an arc whidi sobtoids an angle of 30^ at the 
centre. 

10. The circnlar measore of the difference of the two 
acute angles of a right-angled triangle is — : express the 
two angles in degrees. 

11. The angles of a triangle are in Arithmetical 
Progression; and the circular measure of the Common 

Dlfforonce is - : determine the angles. 

1 2. Find the circular measure of the angle which is the 
difforonoo of m degrees and n grades. 

J J* Comparo the angle a^ V ml\i VJaa «el^^ o? ^ . 
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14. If n bo any whole number, shew tbttt ^xt: of a right 

angle contains a whole number both of English minutes 
and of French minutes. 

15. What must be the ujiit angle if the sum of the 
measure of a degree and a grade is 1 ? 

16. An angle is made up of two parts, one containing 
a degrees and the other containing h grades : compare the 
angle with a right angle. 

17. H A-\-B-\-C= 180S shew that 

tan-4 + tan-S+tanC=tan^ tanj8tanC7. 

18. If the tangents of the three angles of a triangle be 
as the numbers 1, 2, 3, shew that they must be equal to 
1, 2, 3. 

1 9. Having given tan (a + ^) tan (o - ^) = A;, find sin 6, 

20. If cos -4 cos 3-4 = — , thea sin'-4 =- . 

lo o 

21. If cos («-2o) + cos («-2i3)=co8(«-2y) + c08 («-2S), 

where «=a+/3+y+d, 
then tanatanj8=tany tand. 

22. Shew that 

2 cos 60 37' 30''= ^/[2+ ^{2+ ^(2+ n/2)}] 

C A 

23. If in a triangle 3 tan ^ = cot — , shew that the sides 

are in Arithmetical Progression. 

24. The triangle in which 

5— 4 cos ^ sin^^ 
5— 4 cos (7""sin2(7 

is either isosceles, or such that the alde^ «s^ ycl ^^x^^^ssssss^- 
cal Prosgression. 
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XXIII. Area qf a Circle. 

217. The principal object of the present Chapter is to 
find an expression for the area of a circle ; we shall give 
some important preliminary propositions. 

218. If bfl the circular measure qf a positive an- 
gle less t/ian a right angle, is greater than sin and less 
than tan 0, 




Let AOB be an angle less than a right angle, and let 
OB=OA\ from B draw BM per|)endicular to OA and 
produce it to C so tljat MC=MB\ draw BT sA, right 
angles to OB meeting OA produced at Ty and join CT. 

Then the triangles MOC and MOB are equal in all 
respects, so that the angle TOC- the angle TOB ; there- 
fore the triangles TOG and TOB are eqiuEd in all respects, 
so that TCO IS a right angle, and TC= TB, 

With centre and radius OB describe an arc of a 
drcle BAC\ this will touch BT2A B and CTat C. 

Now we assume as an axiom that the straight line BG 
is less than the arc BAG; thus BM, the half ol B€, is less 

BM 
thaDjBA, the half of the arc BAG; therefore -q^ is less 
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than TTH ; that is, the sine of AOB is less than the circular 
measure of ^0^. 

Again, we assume as an axiom that the arc BACvi less 
than the sum of the two exterior straight lines BT and 

TC\ thus BA is less than BT ; therefore 77^ is less than 

BT 

jTn ; that is, the circular measure of AOB is less than the 

tangent of ^0^. 

Hence sind, By and tand are in ascending order of 
magnitude if ^ be less than ~ . 

219. The limit of ^ wlien 6 is indefinitely di- 
minished is unity. 

For sintf, ^, and tan^ are in ascending order; divide 
/9 1 

by sin^: therefore 1, -;— ^, and — ^ are in ascending 

^ ' sm^ cos 6^ ^ 

order of magnitude. Thus -r— ^ lies in value between 

^ sm^ 

1 and — 2 ; but when is zero, cos 6 is unity ; hence as 

Q 

diminishes indefinitely -; — ^ approaches the limit unity. 

Therefore also —g— approaches the limit unity. And 

tan ^ sin ^ 1 ., ,. .^ i. tan ^ , /» . . 
as —Q- = —g- X — -g, the hmit of — ^ when is m- 

definitely diminished is also unity. 

220. To find the area qf a circle. 

Let r be the radius of a circle. Suppose a re^«x 
polygon of n sides described aboxi^. >;Xi^ <s«^^, 'TvNS3«v^^«5k 
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circular measure of the angle which each side subtends at 

the centre of the circle is — ; and therefore, by Art. 139, 
ft 

IT 

the area of the polygon is nr* tan-, 

. IT 

Now wr* tan — = — — ^— • 
n IT IT 

cos— — 
n n 

Suppose n to increase without limit, then the area of the 
polygon approximates continually to tihe area of the circle 
as ^e limit, and therefore the area of tiie circle will be 
equal to the limit of the above expression. 

But when n is indefinitely great 

. IT 

sm- 
cos-=l, — 2=1; (Art 219) 

n 

therefore the area qfa circle qf radius r=7rr". 

221. To find the area qfa sector qfa circle. 

Let be the circular measure of the angle of the sector ; 
tiien, by Euclid VL 33, 

area of sector _B_ ^ 

area of circle "^ lir * 

T^9 
therefore area of sector = nr* x -— = — - , 

27r 2 

Thus the area of a sector is equal to ha(f the product 
qf the square qf the radius into the circular measure qf 
the angle. 

Since is the circular measure of the angle the length 
of the arc of the sector is rO ; hence the area of a sector is 
equal to half the product qf the length qf the arc into the 
raditis. 
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Examples. XXIIL 

1. With the angular points of an equilateral triangle 
as centres, and a radius equal to half the side arcs are 
described touching each other: determine the area of the 
figure which they form. 

3. A chord of length r is placed in a circle of radius 
r: determine the areas of the two segments into whidi 
the chord divides the circle. 

3. A circle is described round a triangle the angles of 
which are 45®, 60®, and 76® respectively: determine the 
areas of the segments of the circle cut off by the sides. 

4. Two circles touch each other, and a conmion tan- 
gent is drawn. Supposing their radii to be r and 3r 
respectively, shew that the area of the curvilinear triangle, 
bounded by the two circles and the common tangent is 

5. From the formula cos^=l-2sin>- , shew that 
COS is greater than 1 — — . 

2 

ofMa fi /} 

6. If — g— + — g has its least possible arithmetical 
value, shew that $ is greater than ^3-1. 

7. Shew that in any triangle 

O . C 

cos - sm - 

Bin cos jr 
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8. The vertical angle of a triangle is 120®, and the dif- 
ference of the sides is equal to - of the base: find the other 
angles. 

X sml2« SCy = 9-3465794, Ipg 2 = '3010300. 

L sin 12® 51'= 9-3471336, log 3 = -4771213. 

9. One of the angles of a plane triangle is 60^ and the 
side opposite is to the diJOference of the two sides including 
it as 9 is to 2 : find the other angles. 

L cos 78'^ 54' 10" = 9-2843730, log 3 = '4771213, 
L cos 78'^ 54' 20" = 9-2842656. 

10. In a triangle a =19, 6=1, ^-^ = 90®: find CI 
L tan 41'> 59' = 9-9641834, log 3 = '4771213, 

Z tan 42« =9*9544374. 

11. A person standing in the same plane with two ver- 
tical poles, and at a distance from the nearer equal to the 
distance a between them, sees their summits in the same 
direction. After walking in a straight horizontal line &feet 
towards the nearer pole he observes that the altitude of 
one summit is double that of the other. Determine the 
heights of the two summits. 

12. From the deck of a ship which is sailing due North 
a lighthouse is observed due East, and the altitude of its 
summit is found to be 12^26'. After the ship has sailed 
ten miles the lighthouse is again observed, and its altitude 
is found to 7® 17'. Find how far the Ughthouse was dis- 
tant from the ship at the first observation. 

Zsin 5« 9' = 8 9530996, Zsin 7^7' = 9-1030373, 

Zsin ig'^ 43' = 9-6281053, Zsin 77^ 34' =9-9896932, 

}ogTlU2= '8521261, log7-1143= '8521322. 
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XXIV. Inverse Notation. 

222. The equation sin a!=a asserts that d? is an angle 
of which the sine is a; it is found convenient to be able to 
express this relation also in another way, in which op stands 
alone. The notation used is this, j?=sin-^a. Similarly 
a=co6''^a expresses that x is an angle of which the cosine 
is a; and ^=tan'~^a expresses that x is an angle of whi(^ 
the tangent is a ; and so on. 

223. Any relation which has been established among 
Trigonometrical Ratios may be expressed by means of the 
inverse notation. Thus, for example, we know that 

cos 2^=2 cos' fl-1; 
this may be written 

2^=cos-K2co82^-l): 

sui^KMto that co&O^a, so that ^=cos-*a, 
thus 2 cos~^a = coB"^(2a' - 1). 

Again, we know that 

8in2d=2sindcosd; 
this may be written 

2^=sin-^ (2 sm ^ cos ^) ; 
suppose that sin ^ = a> so that = sin-^a, and cos ^ = Vl-a*, 
thus 2 sin"^a = sin~^ (2a n/i - a^), 

224. Also any relation which is expressed in the 
inverse notation may be converted into a relation expressed 
in the ordinary notation. Thus, for example, suppose we 
have given that 

2 tan-^a=tan-^ ^Z^ » 

take the tangents of both sides ; thus 

2a 



tan(2tan""^a)= 
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suppose that tan"^ a= 6, so that a=tan 0, 

thus **°2^=frtSS^- 

225. As an example of the inyerse notation suppose 
we require the value of sin (sin^^a + cos"^ b). 

Let sin-^a=-4, and cos'"^&=jB; then the proposed 
expression becomes 

sin(^ +jB) or sin ^ cos J? + cos ^ sin B, 

now sin -4= a, co8-4 = V(l— a*), 

cosJ?=&, sm^=V(l-6»); 

therefore sin(sin"^a+cos-^&)=a6+ V(l-«')\/(l-^. 

For a numerical illustration take ^=09 and b=^; 

therefore siufsin-^s+cos'^sj^-: + 7=1« 
We may express this relation also thus, 
sin-^ - + cos"^ ^ = sin"**l. 

Since sin 5-= 1 we have as one possible result, 



sm"^-+co8 



■^- = -. 



Examples, like the result just given, are often proposed 
for exercise ; but it should be remembered that sin-^ - and 

cos'^- both have an infinite number of values, and thus 
z 

^ is merely one out of an infinite number of possible values 

of^e left-hand member. See Chapter xvni. 
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Examples. XXIV. 
J 1. If sin 6= a, express in the inverse notation ' 
sin 3^=3 sin d-48in' ^. 

2. If tan = a, express in the inverse notation 

. „- 3tan^-tan'^ 
^^= l-3tan'g • 

3. Shew that cos (2 tan-^a) = — -, . 

4. Express without inverse notation 

sin-^tan- and tan sin'^—rj^ . 

6. Shew that tan-^ - + cosec"^ JlO = ^ . 

2 4 

2 5 33 

6. Shew that 2tan-*--cosec-*- = 8in-^ — . 

O O DO 

7. In any right-angled triangle, in which C is the right 
angle, 

x-i /c-^a , . , /c+b IT 

8. Shewthat 2tan-i^ + cos-^| = ^. 

2 2 

9. Shew that 

sin^^cos ai) + cos~* (sin y)-hx+y=ir. 

10. If tan-* a? + tan"* 3^= tan"*- find a. 

11. If tan"* ^^—?+ tan""* =^, shew that 

a a 6 



12, If ^=sin-*a?+ tan"*ii?, shew that 



;ij»=2aV3. 
Xf shevs 



»*= 



^ VL— 'l^ 



MISCELLANEOUS EXAMPLES. 

1. The difference of two angles of an isosceles triangle 
is 20 grades : determine all the angles in degrees. 

2. Find the simplest value of x from sin 4a; = cos 6x, 

3. Find sin oe from the equation 

4 sin ^+3 cos «s= 5. 

4. If sin a;+ cos ^««sin ^ +co8 ^, shew that sin x must 
be equal to sin ^ or to cos A, 

5. Find the greatest value of sin « cos ax. 

6. Find the least value of tan d? + cot x, 

7. In a triangle sin'C7=sin^2i+sin'J?: shew that the 
triangle is right-cmgled. 

8. One angle of a triangle exceeds the difference of 
the other two by 60^, and exceeds the smaller of the other 
two by 50 grades : find the angles. 

9. In a plane triangle the length of the perpendicular 
lot fall from the angle A on the opposite side 

5*smC+c'sinJg 
d+c 

: 10. Shewtiiat;-±^ = |(l+tan^)» 

11. Shew that 

sin ZA + cos ZA _ 2 sin 2^ + 1 . - ^ .. 
sin ZA - cos ZA " 2 sin 2^-1 "^ ^^ ^^^ "^^• 

12. Given 

log r<5-tf =1-8785218, find log -15^ wid log<:0766)*. 
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13. Find the value of 

acos2d+&sin29 wlientaa^=^. 

a 

14. The sides a, &^ <; of a triangle are as the numbers 
4, 5, 6 ; find the angle B. 

log 2='3010300, L 00827* 53' •9-9464040, 

Xcos27<»64'=9'946337l. 

15. Shew that 
sin^oo8(5-(7)-8in5cos(-4-C)=sin(-4-5)co«C: 

16. If cos(a-i8)sin(y-a)=cos(a+i3)sin(y+d), then 
cot fi = cot a cot /3 cot y. 

17. If-4 + ^+C7=90«,then 

cos^ +sin C7— sin jg _ 1 +tan^^ 
cos!5 + sin C7- sin -4 "" 1 + tan J -5 ' 

18. Find the other ajigles in a triangle when 

^==:6«37'24''aiid8<?=7>, 
log 2 =-3010300, X tan S^' 13^50^^= 91603083, 

L tan 3« 18'42''=8-76240eO, i tan 8^ 14'=9-16046e». 

19. If ^+^=90^ then 8Ui(J-j9)=r^eoB 2A and 
sin 2-4 + 8in2-5=2co8(^-^). 

20. The hypotenuse c of a right-angled triangle ABG 
is trisected at the points 2>, E : shew that if CDy CE be 
joined the sum of the squares on the sides of the triangle 

21. If X, y^ z he the lengths of the straight lines 
bisecting the angles of a triangle, and t^rminatd by the 
opposite sides a, &, c ; shew that 
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22. The sides AB, BC, CD, DA of a quadrilateral 
figure inscribed in a circle are in a geometrical progression, 
of which the common ratio is t ; shew that 

tan^^(7 r^-1 
tan^CZ>"ra+i' 

23. The tangents of the angles of a certain triangle 
are 1, 2, 3 : if j^i, p^p, be the perpendiculars on the sides 
from the opposite angles, shew that 5pi p, Pi=3abc. 

24. Shewthattan{^+30«)tan(^-30»)=Y^|^^. 
26. If ^ + J9+C7=180^ 

cotf + cotf ^^^ 

.B ^C emA' 
cot~ + cot^ 

26. At noon a column in the E.S.K cast upon the 
ground a shadow the extremity of which was in the direc- 
tion N.E. ; the ande of elevation of the column being a, 
and the distance of the extremity of the shadow from the 
column c, determine the height of the column. 

27. Eliminate from the equations 

a tan 0+b sec 0=c, 
a' cot O-^U cosec 0=<f. 

28. Shew that 

l + cos(2^-2^ cos2J9 = cos*^+cos'(^-2i5). 

29. Shew that 

cos (36® + ^) cos (36® - ^) + cos (640 + ^) cos (540 _ ^) 

=cos2^. 

30. In a right-angled triangle CD and CE are drawn 
iJvui the right angle to the liypoteii\&ae Toakiug angles a 
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and )8 with the hypotenuse, of whichjS is the greater : 
shew that the area of the triangle CBJSia 

^(cota-cot/3). 

31. Solve 8*. 125*-= 2^+«. 6", having given 

log 2 = -3010300. 

32. Solve the equation 

tan(a?+46«)+tan(a7-46«) = 2tan60®. 

33. Solve the equation 

2 + cot'a? = 3 sec*4? - tan* x. 

34. If sin ;r = sin a sin (x + y\ then 

. sin a sin V 

tan;c= ; — . 

1 — sina cosy 

35. Eliminate B between the equations 

a sin^ + & cos 6=h, 
a cos ^-&sin 0=k, 

36. Find sin x and cos a? if « sin a? +6 cos x= ^{a*-k-¥), 

37. Given log 5 ='6989700, log 7 ='8460980, find the 

logs of 4, 3-5, -0014, and -=^ . 
125 

38. Given log 2 and log 3, find the logs of 27, 36, 54, 

•0025, and ~. 
81 

39. The sides of a triangle are respectively 31, 24, and 
11 feet : determine the greatest angle. 

40. If tan ;i;= cos a tan y, then 

tan" - sin 2y 
tan(y-a?)= 



l+tan*^cos2y 



184 MISCELLANEOUS EXAMPLES. 

41. Shew that 

8in*(u4 +^+cos*(^- J9)= 1 +sin 2-4 sin 2A 

42. Shew that 

cos' 5^ = COS 4^ cos 6^ + sin'^. 

43. Shew that 

. ,^ _ 2 sin .4 -sin 2^ 
2 '"2sinu4 + sin2^' 

44. Shew that log»a has always the same d&m as 

(a-l)(6-l). 

46. Ifcos-4 = ^g,andcosJ9=-^ + ^,8hewthat 
8in(^-5)=|. 

46. Shew that 

cos 9-4 + 3 cos 7-4 + 3 cos 6-4 + cos 3-4 =8 cos'-4 cos 6-4. 

47. A triangular field has its sides respectiyely 60^ 
60, 70 yards in length: find its area, having given 

log 2 = -3010300, log 1469 = •167021 8, 

log 3 = -4771213, log 1-470 = '1673173. 

48. UAyBjCKre the angles of a triangle, 

cos -2-+ cos — IS greater than cos ^ . 

49. If -4, Bf C are the angles of a triangle, 

. A , . B. ^ ^, C 

sm— + sm — IS greater than cos — . 

60. If Aj. B, C are the angles of an acute-angled 
triangle, sin -^+ sin j is greater than sin-. 



ANSWERS. 

I. h 6(K. l2. F-5. 3. 7'. 4. 10"926. 
6. 30"775. 6. 74^*925. 7. 27®. 8. 3«9'. 

9. 9*22' 67''. 10. 18«41'61". 11. 27*68' 3". 
12. 68*-806a 13. 18^20*. 14. 66* 15', 62'"6, 
16. 61*-876,68"76. 16. 63*-28l26, 70^3125. 17. 60*, 66*1. 
la 36*, 40*. 19. 18*, 9* 20. 54*, 36*. 21. 54. 
22. 32-4. 23. llli. 24. 186^. 26. 34to27. 

5 9 24 

II. h C0S^=r;5. 2. C0S-4 = 77, 3. BmA^zrz* 

13 41 20 

• ^ 11 M ' A ^ /. J 2J!2 

ol o o 

III. 1. 30*. 2. 60*. 3. 60*. 4. 60*. 
6. 46* or 60*. 6. 16* or 76* 7. ^=46*, -5=30*. 
8. -4 = 60*,J9«45*. 9. -4 = 45*, 5-16*. 

10, -4 = 18*, -B= 24*. 11. -4 = 10*, -5=5*. 
12. .4 = 45*,j|?=46*. 13. -4 = 15*, -B=30*, C=16*. 

tan 22i*== a/( j|^) ; it may b© reduced to ,^2 - 1. 
k/3— 1 

16. 2^2+^3-1 ' itM^*y^wd^cedto i^ft-V 4^- ^ipL-n., 
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IV. 1. Bm^=29, C08^=-. 



2. co8-4 = 



m(2n+m) 
2n*+2nm + m** 



3.sin^ = 



pm+gn 



4. -4 = 16»or75», 



J?«760orl5^ 6. -4 = 30»or60», i?=60«or30». 

6. ^ = 15« or 76«, J9= 75« or 16®. 7. -4 = 15® or 75®, 



-5=76«orl6«. 



9. 



V3 ^^*- 



11. 10(3+2V3)feet^ 10^/3feet. 



10. 60(3-^/3) yards. 
aV3 



12. 



13, 



14. 27 feet 



15. 1 or 2 : assume 2h for 



tbe height of the post, then we shall find that the distance 
of the point of observation is either h or 2h, 
16. (a+5)(2-V3)- 17. 100 feet. 



lO. 


A + 70"3*^* 


¥VO lb — 


OU , OU T U — •^V. 






V. 1. 8. 2. 


5 
2* 


^' 2- ^ 3- 


K. 3 .7 
^ 2- «• 6- 


7. 


1-2662726. 


8. 


1-7781613. 


9. 2-3344539. 


10. 


3-8116762. 


11. 


3-8673326. 


12. 1-6478174. 


13. 


•6364839. 


14. 


1-8673326. 


16. 1-6740313. 


16. 


2-4771213. 


17. 


1-7406162. 


18. '1-6366006. 


19. 


1-7993406. 


20. 


T-2640466. 


21. 3-3665614. 


22. 


•0611525. 


23. 


-0880466. 


24. -0263938. 


26. 


•3621825. 




26. 0,2, 


2,6; 3-1618804. 


27. 


1-7041864. 


28. 


-3- 29. 4-4983106. Observe 


315 


14x15x15 
" 20 




^^- 2«2\ogl 


= 1-2153383. 
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31. 


o 






2-21og2-^^''*'^^*^- 




32. 


— flO**7fifil*l 






3log3 + 2log2-2-®^^^^^^- 






VI. 1. 2-6389060. 2. 6-6180633. 


3. 


2-8663518. 


4. 


1-2436657. 5. 2-7856128. 


6. 


6-7916179. 


7. 


616-0148. 8. -007601467. 


9. 


2. 


10. 


2-6533. 11. 9-7932666. 


12. 


9-7299388. 


13. 


9-8241849. 14. 99793629. 


15. 


9-5906364. 


16. 


9-7164681. 17. 10-1650011. 


la 


10-2618877. 


19. 


100171747, 9-4577109. 


20. 


16«19'26". 



21. 6<'53'8". 22. 22® 28' 16". 

23. 80<>62'61". 24. 1427035. 

VII. 1. a=75, 5 = 75V3. 2. -4=30®, 5=100^/3. 

3. 2^ = 80(2-^3), (?=80(^/6+^/2). 

4. ^=45«, c = 75V2. 5. a =97082040, 5 = 70-634236. 

6. ^ = 43^36' 10", & = 210. 

7. &=126(V2-1), c = 126^/(4-2V2). 

8. c=5, ^=53<'7'48". 9. a= 78-1548, 5=179744. 

10. -4=35049^44", 5=132-966. 

11. 5 = 59*8766, c = 138-24. 12. A = 36<^ 9' 3", c = 23902. 

VIII. 1. 6 = 84^2, a=42(^/2+V6). 

2. -5 = 30^ c=48V3. . 

3. J9=45* or 135«, c = |(^/6 + 3^/2) or ^(^6+ ^2). 

4. B=90^c=2j2-^6. 5. B=30\ 6. -4 = 90* -5=60<>. 
7. a=107-087, 5=96-5836. 8. c=326-576. 

9. ^=55013'28" or 124<>46'32", c= 266-342 or 87-389. 

10. J9 = 56<> 9' 8", c = 537-079. 

11. ^=40<> 56' 39", c= 106-736. 

12. A = 38« 26' 20", jB = dV 41' ^4t" • 
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IX. 1. 108,120. 2. 75 grades. 3. 30« 



8. cos2-4= — -, C08-4=-7= . 
S n/iO 



.,. fn»( l~n«) ..« l-n« 
. sin' -4 = — ij — 5-^, 8m'J?=— ^ — w. 

11. 8in«^ = -j3^, sin»5=^^^j^^ ; also we may 

40 
41* 



40 
have 8111-4 = 0, sin^=0. 14. sinA^jT, 



, , mn—mb—na . - m- 



"(m-w)(a-6)' ~*^^"" w-n ' 
21. J9=76®68'50''. 22. -4 = 38® 15' 8". 



24. -{a-^il-a^)}. 



X. 1. 30« or 150^ 3. J5=45^ 4. J9-90o, c=aV3, 
6. 120^ 6. 90®. 7. 120®. 8. 14, 12. 10. 4-68267. 
14. ^{ifJfi'- n/cT^PKW*)}. 17. 30® or 150®. 

19. -^^. 20. Substitute in the third equtf- 

tion the values of tan^o? and tan^y from the first two; see 
Example ix. 16 : then reduce the result 

XL 1. 710919. 2. 226-623. 3. 1239-633. 

4. J9=149®20'3r', C=24®39'29^ 

6. -B= 116® 33' 64", C=26®33'64", 

6. J9=76®44'65", (7=63® 69' 6". 

7. -B= 100® 29' 9", a=36®0'51". 

8. J?=86®34'27", C=50®16'33". 

9. J9 = 68 2' 24", C= 54® 4' 1 9"-2, 

M -^-=W®^J6", C'=60®37'44", a«4:a4S5. 
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11. 
12. 
13. 
14. 
16. 

16. 
17. 
18. 
19. 
20. 



3. 

6. 
7. 
9. 
11 



J9=23*8'33^ (7=32'»17'27''. 

J?=36n5'52", (7=84<>44'8", c=137-9796. 

^=17' 6' 46", 0=133" 2' 15". 

^=61^41' 20", C=68®6'39", log <5= -9271876. 

B = 41" 19' 20" or 13S" 40^ 40", 

a= 106" 58' 40" or 8" 37' 20". 

J9=30"or 160". 

.4 = 32" 67' 8". 

43" 2' 56", 63" 46' 44", 83" 10' 20". 

66" 15' 4", 69" 61', 63" 63' 46". 

70" 63' 36", 60", 49" 6' 14". 

XII. L 72 feet 



600(^3+1) yards. 
93*489 yards. 
228*6307 yards. 
212-868, 618186 feet. 
E7"21'46"S. 

6 sin 46" 



8. 
10. 
12. 



2. "^ , miles. 

4. 18^2 miles. 
6. 166*823 feet. 
280-016, 766*015 feet 
238*502, 480*504 yards. 
4Bm67i"-4sin22i". 



13. Distance = 



sin 22}" 



the first ship bears E.N.E. of 
14. 40 /s/330 feet per minute. 



the second. 

16. Height 80 feet ; distance 4800n/330 feet 

16. If h be the height 3 (200)^= A*(4- »JQ), 

18. Solve CEF knowing EF and the angles ; then solve 

AECrndBFC. 21. 162 96. 22. 1514*396, 4163*746. 

23. , 509-7. 24. 2109-8. 

XIII. 1. 72«. 2. 36«, 64^ 8. o=46«, )8=30». 
12. 10(^/2-l), 10\/4-2^/2. 
lo Art ^cos)8co8a ^y. AcosiSsina 

Id. jAU— — ; — 7 ST" J OdJ= — ; — 5 HT" • 

sm(a-)3) * sm(a-^ 

14. ^=41^24' 36", J9=|. 16. |^=S?V%' *^\ ^-^^ 
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16. Let AG and BD meet at 0; then the triangles AOB 
and COD are similar. 

XIV. 3.2^. 4.-^. 6. ^=2310, r=21, i2=42J. 

6. 6x(81)». 7. 2456840. 8. 382094. 

16. The radius of the circle passing through tlie three 

4.1 y 1^ * 

points is — - — ; the tower is at the centre of this circle. 

o 

XV. 6. 60^ 120®, 240^ 300^ 6. 22i<>, 112^®, 202^^ 292^. 

7. 90®, 210*^, 330^ 8. 120^ 180^ 240®. 

9. 150, 75^ 195®, 256«. 10. 67i®, 167i^ 247^®, 337i«. 

11. 0®, 30^ 1600, 1800^ 12. 60^ 90*, 270*, 300®. 

XVI. 7. tan»^+cotM=(tan^-cot^)»+2. 
11. 12160 + 6250 ^/2. 

XVII. 1.--^. 2. sin 70®. 3.^. 4. -.^. 
6. -1. 6. i. 7. 2-^/3. 8. -(2-^3). 
9. ^/a 10. ---. 11. -V3. 12. 1. 

XVIII. 7. -4=(4w + l)90®. 8. 2-4=n360®db3^. 

. XIX 1. -1. 2. iJ^^. 

(l-aby-ia+bf 2 (g -t- 5) (1 - q^) _1 

*• (l+a^(l + &«) ' (l + a«)(l+&') • 2' 
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XX. 27 may be deduced from 26 ; 28 may be deduced 
from 26 by chauging angles into their complements; 29 
may be deduced from 28; 30 may be deduced from 26 by 
changing Cinto 90®- (7. 

36. .a?=nl80^ or i»=nl80®+(-l)*'30^ 

37. 4a?=a?+nl80®. 

38. 2;c = (2n+ 1)90", or 7a?=nl80'+(-l)*30* 

39. 8a?=nl80®, or 8d?=w360®±60^ 

40. (a+6+2c)d7=w360®±(a+6)a?. 41. ^/3. 



45. 1± 



/ 26 



;xyj n/{2+ ^/(2■^ ^/2)} Q 13+N/31 

2 * 20 * 

YYTT »T 360 . . 64 - . ^ 126 

» XXII. 7. — feet, t;: feet. 8, — . 

TT ' 10 IT 

lOn* 
9. -g- feet. 10. W\ 40^ 11. 40^ 60®, 80'. 

12. ^^m--nj— . 13. 27 iooSTft- ^^- W- 

,„ lOa+96 ,„ 8in*a-ifecos*a 

^^- ~9oo-- ^*- — r:* • 

XXIII. 1. -^, where a is a side of the triangle. 

o 

2. The smaller segment is -^ —-. 

fft 
6. We must have tf = costf, and therefore 1-— ^®^ 

than^. 8. 42®60'22'', 17* 9^38". 

9. 71*6' 46", 48*>54'16". 10. 83*>58'28". 

11. Let a be the height of the lower; then that of the 
other is 2x ; and 4a?*={36— 2a) (2rt— &). 

12. 7*11423 miles. 
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XXIV. 4. WTr+(-l)-|, tan Tnir +(-!)•?). 

MiscJellajeteoub Ezamplbh. 
1. 64«, 540, 72« or 66^ 66«, 48^ 2. 10*. 



3. 


4 3 ^1 


6. 2. 


8. 
18. 


37i^ 60S 82^0. 13. a. 
J9=4«56'10"-6, C7-168»2r25"-4. 


14. 65M6'16", 


26. 


^2-/^2 c tan 0. 




81. 


106. 32. fl?=(3n+l)5. 




33. n^*|, 


35. 


a«+5»=A«+A^. 39. 120^. 


47. 1469-3. 



Errata, 

Page 96, Ex. 18, for ACEtqvA AEd. 
*♦ 114, Ex. 7, read 

a=1864, &=c«2796. 



CAXBBIDQn ; PBIKTEB JLT TOfi TJ^SrTEBSRX nXSB. . 



